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The pa~er develops the use of the eo,-e as a solation concept in game theory in two interrelated 
directions. In the first place, an indicator o~" aggressiveness of claims is introduced in a modified 
definition of tim core. The m,~lified core may be smaller than the t~sual core, and may fail to 
exist if aggressiveness increase, beyond sorr.~e critical level. In the second place the article gives a 
formuletion of a mixed cooperative/non-cooperative game, in wl-ich the game will be played 
cooperatively within coalitic,lv;, but non-cooperatively as i~et.~n coahtions. A mixed 
cooperative/m n-cooperative solution obtains if the grand coalition of a]i players fail to 
ma:eriafize Ixeause the vanous claims ate incompatible. The two directions referred to are 
interretat~l b,~x~aus, the level of ag,~essivtlness may be decisive for whether or not the grand 
coalition, and possibly other coalitions, will break down. The final section of the paper drav, s 
some general, rrnchtsions and relate~ the approach to other ideas in the literature. 

1. In~t~oduct ~n 

The core of a game is a useful solut ion concept  in cooperat ive  game 
theory. This is especially so when  the ':_ore conta ins  only one imputa t ion.  
TVis core- imr:uta t ion  would  then s,:em to be a reasonable  predict ion of the 
outcorae of :ne game. In o ther  cases the knowledge  abou t  the core of a game 
or 3vides aseful informat ion,  but  is ~nsufficient as a basis for p~ediction. If the 
core conta ins  m o r e  them one imputa t ion ,  there is a sort of surplus  to be 
divided a m o n g  the players, and  ,~hen the core is empty  there is a sort of 
deficit t o  be shared,  In bo th  case,,; there must  be some kind of ba rga in ing  
process which  determines  wha t  is left unde te rmined  by the ord inary  core 

considerat ion.  
My pu~oose is to presen', some cons idera t ions  :oncern ing  the 

de te rmina t ion  of  the ou tcome of the game in such cases. I shall mainly  have 
in mind th~ case where the core contains  mo te  tban o: 'e imputa t ion .  A 
common-sense  obs, rvation is  that  the final ou l come  in st~ch a case would  be 
de termined by holy aggressive the various players and coali t ions o( players 
are. I shall ~ak,~ this as a s tar t ing  point  and in t roduce  aggressiveness int~, the- 
game mcJdc! : ,  the simplest possible way. With some degree of aggressiveness 

*I am indebted to l~.ad Moene and Hege T,3rp for assistance, and to To: Hersoug and Johl: 
E. Roerner for va:.uable comments on an e~rlier draft. 
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on tim ~ of t ~  zm)ous #ayers, the ,set of possible outcomes narrows 
down as c o m ~  w i t h t h e  oidinary core. I f  there is too much of 
;tgg~sivcncss, then a coop¢rative solution may fail to exist. One may say 
that the ~ .  breaks down a~ 
~ t ~ :  imo : n e n ~ I m r a t ! ~  beha~our  o f  a m ~ t u r e  or" ~ a ~ i v e  

naturally to ~-, sort!-( 
determined a priori 
game. In such a the~ 
the sense- t h a t ~  set ~ ~ :  
players which is~i~t~:~ 

of 
ind i such 

,m the 

in detail in the f o i l ~  

not necessarily 
aon-coOperative 
irrationalitf in 

gain to all 
failures are 

~ s t  :somehow 
,ih'6111:fact i thltll a 

~nal 
: /  • 

the 
iue 

For the bargaining,!~ituafion which,~ocgurs ~ e n  the ¢ore i s  empty, the 
question is not about aggressiveness in attempts to conquer parts of the 
"surplus; but rather a question about willingness to yield. I shaH,not consider 
this sitmition further, but-only suggest that the considerations Which I am 
going to prment raight bc -a bte;   '-sorr  modificatio is, also, to this 
sdtttation,. . . . .  " , ~ - : -  , "  .... 

To characteme a ~ . I  shall, as  a starting point, use the characteristic 
fuaction. If there are n playcxs, L~,~, ,  n, I shalluse N as a symbol for the set 
of all pltxyers; ~ .~8-as~ a: ~tation~ fOr:~any-coahtion~ from ~the set of  a l l  
l~ye t~ '~7~ no~,a~n~:N~#~l t~ v~;~for;ithe c o m p l e m e n t ,  ~alition~ of S, 
t.e~, the do~t:!bd6i~g ~o~g I 
sha|| as is ~ithe~:~ch~ractetistic 
ftmctioa: I t ~ : ~  m ~ , , m ~ t h , "  ' .... " ~":': ~ ....... usual. ~ ' ' ~waY as the  ~ i m u m ~  va l ae tha t  . . . . .  
coalit~m S can secure for its¢if~thout coop¢mting with other pla~¢rs. ~. ,... 

It ~ o ~ b e  p m i b l e > t O ~ : ~  the~ideas:to: ~:prcsented in thefo~iowt%g 
also fo~ the case of non-transferable ~tthty~ Furthermore, one could 
distingui'~a between different ~ '¢',[:.~eo~s~ according, to the,more ,specific 
defmir/on of wt~a~ ~ m ~ n t  by ~he ma~mum~-va!ue ,that a-coalition can secure 
for itself without: ~ ~ g  ~ t h  ~herpla~rsVl!sh~l~however~ proceed on 
assum,~mas w ~ : m a k e ~ t ~ ,  analysis ~ - s imp l i s~  possible ~ t h  ~regard to 
asia:ors v / ~ ~  not: specific=to the p~scnt~pproach~: 

• iec~aon 2 ~d considers the 



L. Johansen. The core as a solution in cogp, .ative game :heory 3 

qu~tion of what happens when cooperation brea~s down, and introduces a 
mixed coo~rative/aon-cooperative solution. One might say that we treat the 
degree of zooperation a~ an endogenous element in the model, instead 

~ t ~ n g ~  it i n  advance. Section 4 summadz~  and ,:liscusse,~ the 
interp~tation o f : t h e  r~u l t s ,  A more general formulation of a mixed 
cooperative/non-cooperative geme and some bdeZ" technical t onsiderations 
are given in an appendix. 

Ti~  introduction, of, aggressiw~ claims 

Let the c utcome for the n p~ayers be represented by a 'oayoff vector' x = 
(xl, ;.,x,),: The  ordinary core is a set of payoff vectors defined by the 
following re :mirements: 

= v( 

for every S c N. 
(2.1) 

The first ,equirement ;~ P a ~ t o  optimality, and the second reqv, irement ~ys  
that each co~ifion shall obtain at least as much as indic ted  by the value of 
the characteristic f'mcfion for that coalition. This requirement is imposed for 
all possible coaJ'.tions contained in q ,  including the degenerate coalitions 
consisting of si.lgle members. The set of all outcomes x=(x~, . . . ,x ,)  wt, kh 
satisfy requirer tent s (2.I) is the ordinary core. 

In the defin tion of the core in tiffs sense each coahtion is assumed to 
acquiesce in an outcome if it receives the value ,~(S), which is defined as the 
value the coalition will be able to secure for itself inde~endently ot any 
cooperation with players not in the coalition. If there is a :;urplus in the 
game above what is needed to satis(¢ these levels for the vark~us coa[ifior, s 
smaller than the grand coalition ot all players, then nothing ~.s assumed 
about claims in this surplus to be put forward by the various coalitions. 
Accordingly we may call the core in zhis sense the acquiescent core, a sl;ghtly 
i" ' 1 nogtea, abbreviation for 'the core of a game between acquiescent players'. 

Let us now consider the possibility that the players are concerned with the 
surpluses mentioned (which will exist when the game is an e~ential game). If 
we have two coalitions S~ and $2 which contain no common member, ar d 

v(Sl w S 2 ) - v ( S l ) - - v ( S g > O ,  (2.2) 

then (2.2) represents a surplus reach tble for coalitions Sj and $2. If S~ and 
$2 do not make up the whole set/V then there may be surpluses above this 
again in which they may also try to :et their share. 

Let us now consider a c~,,alitio,:l S and the aspiratkrn it may have to 



"" ' -'. ::-!+=: :"~.:-'-: ::' ~i+: :̀ :̀~:~:~:i+':!:~i+: ' :-":>,'+~ .:':-" :'>i:' ~ ~ ~ .:: ..... :. :' :: :, : : i .i 

~(N)... Out. of ..this: :the 
~, the 

:(2.3) 

Knowmg. t~avai lab i l i ty  of this surplus.: ~ ) ~ o n ~ S  m a y ~ p  ' re  t o  get mpre 

to ~$~ ~ ' i h e  most >-agg~ve  c l a m  for any coalifi0~ ~ o ~ d  :~>  : . : .  

(2.4) 

If a core shoulde~t when at).coa!q~ons d~:R{S} ~""'""~ -" --'- . . . .  . . . .  :-: ..... ~.> :-_> :~ .... .3 ,,~_,,~, ~ " a ~  oz.unIILy the 

~.~ue v(S), then we could call this the nlaximaJtly aggressb/¢ core. However, 

of coalittou=S.:~-~~~ ~tion.HW, ~en we.ha~e 

T 

I~_t +:~_S--~. o..~e ~ .  ~ .  ~ t h ¢ . , , ~ ~  Of aggressi:v)ness, ., Of cO.~.'.~.on,S- as the 
share. ~ : w ~  <~e ~ - t i ¢ ~  ~ i ~ p i r e  to get in the surplus, Then the claim 
of coali)ion $~_~. be 

efs)  + (2.5) 
. 

WRh<~ =0 f ~  ~,.oaE¢~o~,~) -~,~ ~ , , ~  o ~ a v y - o r  acqme~c~ntco~; With 

~;.~:.-for.: ~ ~ ' : ~ ~ ! , ~ 4 t t ~  ! : ~ , ~ ~ t s ' -  2s~:~:in::-~ttie-~int~odiat¢:-!~,~nge - at 

.~re~. ~ ~ ' g  .¢~,-th~ !e~ei Of.the ~ f f i ~ , e ,  nts W e may speak 
about' ~ ~ i t ' : :  " : " - ' "  ~" ~>'~~ "~ou~:>c,r~]~s" >" -"" ":' ~"~ ""~":':" aggressive: "" :::,cot~s' -~' :">",(~" ": l~rhaps a c q m e s c e n t "  " ' : " " 

and-more o r  less acqUiSitive c~res). " ,-~: - " . . . .  
It sh'.)u~d be observed that acc()rding to the definitions given above each 

coalition adopts a realistic a~fitude in ~ . - : ~ :  tha i ' i t  assumes~ that the 
_ . 

players not in the coalition ate able to form the complementary coalition so 
as~-:to sec~lroat ~ s t i t S ~ ~ h | e  " ~  ' ~ "  ' ..... " . . . . . . . . . .  t~N\,~/-. A-c0aht~on Which is overly c)ptimistic 
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where ~({i})is the value of th~ charactteristic ~unction for the single player i. 
This , o u l d  ,~orre.,;pond to a sort of suecess'.ul divide and conquer strategy 
where :he cooperation of the members aot b,.longing to S is secured so as to 
realize the total value v(N) without the complementary coalition N \ S  being 
able tc form arad put forward a claim on the basis of ~the value v(N\S). Our 
aggres~ ire players corresponding to (2.5) limit their claims to a share in the 
surplu: which is avaih.ble if the non-members of the coalition are able to 
form tl e L ,~mplemt..nta~j coalition a~..l act on that basis. 

W e  now pro  .ed on the t, sis of claims as indicated by (2.5). 
C o ~ p o z u t i n g  t o  (2.t) ~the core is now defined by 

Zsx => R(S) = v(S) + (S=N). 
(2.6) 

For a core in this sense to exist it is zleafly necessary that 

R(S) + R(N\S) <= v(N) for all S c N. (2.7) 

If there is a sttrplus corresponding to the partition into S and N\S, i.e., if v(S) + 
v(N\S)<r(N), then condition (2.7) is equivalent to the obvious requirement 

As + 2N\s I. (2.8) 

If we have the spectal case of eq~tal degree of aggressive,e.~s for all coalitions, 
then it is necessary that this common degr~ 2 is 2<½. (In some cases it 
might be 1nero natural to define equal degree of aggressiveness it. other ways, 
for instance by letting the values of the 2s',~; be proportional to tile s'~e of the 
coalitions. However, the players may be of different types - -  firms, persons, 
organizations e t c . -  so that a per-ht:ad consideration is irrelevant. In any 
case, the idea of equal degree of aggressiveness is used here and occasionally 
in the sequel only for illustrative purposes.) 

However, the conditions just ra~t ioned are not sufficient for the existence 
of the core. In other word% even if the condition (2.8) should be fulfilled for 
all coalition,s tqe core may still fail to ex~t. lff'particular, for the case of a 
uniform degree of aggressiveness, the core may still fail to exi:~t even if thi~; 
degree is 2 =½ or less. The last sraten~nt means that a principle of equal spliii 
for all coalitiot, 's versus the comph'me~.:Try coalitions may be infeasible. 

C¢.nsi&~ring the definition (2.6)of the aggressive core we may think of a 
process by which we increase the 2s'S from zero ir. some way. The :ore will 
then shrink from the orCnary co~'e and become narrower as we inc~ea;e the 
2~s. For some constellation of the aggressiveness coefficients the cor,: will 
consist of one uniquely determined outcome. We may also re~ers,: the 
question aad a,,;k if every outcome in the ordinary core can be generated as a 



~:mi,~,~ ~=. O U ~ ~ i ~  by-/some:~nste2ilation of aggressiveness coefficients ~for 
'-,arious eoaliitiom. ~ answer is affirmative. Consider an outcome satisfying 
i 2.1), We ms  y .then put 

~ ~ ,  , 

_ - , 

-act. Using ,iefinition (2.5) ~ # ~  t ~ l t o w i n g ~ ~ ~ e n e s s : ¢ : ~ f f ' ~ o n t s :  

as= v(!~9--v(5"~-v(N\S)' X m s = ~  -- v(S)-  v(N\s)  (2.9) 

4, hict add ,:p to unity for As ~ d  ~NXS- . . . . . .  , : , 

"::~,an ~e~to~: to produce the vector x~,, . . ,x ,  as a uaiq0e 9utcom¢, A given 
',v:~o;: x t , . . , x ,  can be g ~  as :a ! : ~ n k l ~ : ! ~ O u i ~  :~ by ~ndi t ions  

c~ ~ ' ~ s  o f  aggressi~w~ess c o e ~ e n t s  which wdl produce a Fve~ vector 
x .. .... x .  as ~ troiS'timely determimed outcome. 

Thv ~o.nina.~ors  in the  formulas in (2.9) are positive if there is a surplus 
fi~r t h ~ p ~ t i o n S ,  P L \ ~ f f : t ~  m n o s u c h  s trplus, then the values of~.s and  

Let us illltsttat~ tl~e c o ~  above briefly by means of a small example. 
Let tlten; I~: a [,.anm of  4hree players, a n d  let the  characteristic function be 
[ ' ~he t  w:, fin s h o ~ ,  wf i~t~l ) : imtead  'of o({1})etc.] 

• " _- :." . ,~'.- ': .:.-~~c = 

1~1,,0--~4, ~(L 3)=6, 

v(L:L3)= m - - : . .  

tO)=4, 

v(~3)=6, (,-.,0) 

The com:s le rd ing  o:rdinary 
xt,x2,x,~ which satis(y 

x,  > 1, xz~_;2, 

or acquiescent core 

xs~4~ 

consist s of outcomes 

xt + x2~:4~ : Xt:+x3,~6, x z + x 3 ~ o ,  (2.t~) 

xl + x.  + :z3 = I0° 
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, . . . .  _ , \  
, / \ ,,< 

A . . . . . . . . .  _ . - / ,  ~ -  . - -  . . . . . .  X I 4  

x 1 

Fig. 1. The core of the game described by (2.10t--t2.111. The core is the pentagon inside the 
triangle. The paint marked off inside the core is t'ae point corresponding to 2 = 3. 

The cere is illustrated in fig. 1 where xx is measured vertically front AB, x2 is 
measui~xl vertically from BC, and x3 is measured vemcally from (" A. The 
core is the pentagon inside the triangle. Tt.e extreme imFutations (th~ corners 
of the pentagon)  are the following: 

(1,4,5), (1,3,6), (2,2,6), (4,2,4). t2,4,4). 

"~ 3,5) tbe'~ w~" If we take an arbitrary point in the core, for instano. • x = ,  . . . .  
can ea,,~ily calculate the corresponding aggressiveness coeq~c~ents from [2.9). 
For  21 we have f,.:r instance 

x l - v ( l )  2 -  1 l 

~1 = v(1,2, 3)._ v(1)_vl2, 3t = i0 ' -  1---6 --!" 

Altagelher we obtain 

, l l  ! ;~2::½, : , 3 = ~ ,  ,i, 2 -  3 - 2 -  _,3 .~. =3,  - . ~, ),1, - -  2, ---~ 



As s~ed ~I~ this:is, ho~ve~, more than nec~ssar) to produce x= 
(2,3,5) e s a  tm~q~-outcome. For instance, the values fo~ ~ ,  ;-z and ~3 
would suffice ,while ~.~.2, ~.3 and )~2.~ were smaller- than given above), arid 
.several other s.,lections would also do. 

For a n - e x ~ : ~  ~ t ~  s o ~  c~m~ti0nS~.are pressed down; tO getting no 
mc~¢ than t t ~ . ! ~ ~  For/:genentting such points the corresponding 
a g g n ~ ~  ~ t s  m~t,  o f  ~Ur~, be zero. For instance, for the 
outcome ~=(~[,4;~we have. 

gl-----O~, ~.2mL ~3=½, gl,:~.=½, gl,3=0i A2,3=1. 

It was pot,,ted out above eiat not  al!:constel!a-ons of aggressiveness 
coefficients wl~tch mtisfy-:~(2.8) ~ - ~ e t a t e  afeasible ~point. In other words, it 
is not sufficient for the: e x t s ~  Of a solution that the ag~siveness of one 
c~alifion can always b e ~ m m o d a t e d  by the complementary condition. For 
instance, a ~  ~ : t  p l a ~ !  ~nd~:2 are rather a~,xiescent players, having 
~i ~=0.I and,  z=O.l, W ~ . ~ t ~ n s  {!,3} and {2,3} axe aggressive, having 
,.t.3=0.9 ~-~['2~3~O- ' ~ ' : ~ ~ f t : " ~ d : ~ 2 ~ : ~ ~ t i t  ~ d u a l l y ,  but 
;dayer 3 infuses every coalition .in w ~  he participates with aggressiveness.) 
'rh  we have, aa m ng to (Z5 , 

R(1)= I +0.I(I0- 1-6)-- 1.3, 

R(2)= 2 ÷OA( IO-- 2 ~6)----.Z2, 

R(1,3)=6+0.9(10-6-2)= 7.8, 

R(2, 3)=6+0.9(I0-6, I)=8.7. 
:. 

The two last ~ imply "~ _ xl + x s ~ . 8  and ~2:~X~ 8:7. Regardl~s of how 
aJ~.~sc~t c0afition {1,2} is, it must at least have xl +r2 >= 4. tn conjunction 
t ~  conditions nnpty 2(:xi+~2 +~x~.~20.5,: WhiCh is ~ ~ i ~ l e ,  in spite of 
tt~ fact t h a t . r e q u i ~ n t  (2.8):is ~ l e ,  d~ 
'L~;~ ~tt:~assume ~ t . ~  i g a  'Ui~o~.degree of~aggressi ~en~ss R, in 

tl~ ~ ~ !  a ~ : ~ : U s  calc~:~te! ~ = t ~ : ~ ~ ~ '  d e ~  of:a~res~:i~ne~,s .for 
w~ch the core s~l exists. With all As=.;[ we easily gent from (2:) whe:-~ we 
t ~  the characteristic function of' the example: 

R0)= l 

R(1,2)=4+2,;, R(1,3)=6+2~ R(2,3)=6--?~.. 

We should now ~find ~ ~ ~ 1  Vat ae:of 3. for which the:~e claims are 
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compatible with the condition xt+x2-i x3=lO. ,One finds that this is 
determined by 

R(I !+  R(2)+ R(3)= 7 + 72 = 10, 

i.e., 2.= 3/7. The corresponding outcome it 

This outcome satisfies the coalitions {12}, {1,3) and {2,3~ with some slack. 
The corresponding point is marked off in fig. 1. 

If there had been a common ma~:imal level of ag~ressiveness aUowmg a 
solution for all games~ then one might have expected a sort of ~onvention to 
develop, and we might have had a theory with some predictive power. 
However, this is clearly not so. ff we consider the game as a bargaining 
game, then the aggressiveness coefficie~ts of the various coaiit~ons are 
characteristics of the bargaining strategies of the various players and 
coalitious. One might imagine that the coalition:~; determined their 2s-values 
as strategies in a non-cooperative game against the other players. Now for 
constellations of aggressiveness coefficients 2s wMch exhaust the totM 'value 
of the game, i.e., v(N), the payoff of a , mlition increase; with its 
aggressiveness 3. s. (For instance, in the example given above r~ would 
increase from 1 to 4 when 2t increases from 0 to 1 if the other players 
accommodate so that a solution exists.) In the termino!ogy of non- 
cooperative game' theory, there would the~ exist many equilibrium 
constellations of aggressiveness coefficients, but there would not exist a non- 
cooperative solution. We should then be prepared l[or the possibi!ity that the 
aggressiveness in the game may turn out to be excessive so that no core in 
the sense defined here would exist. Th~a the game would break down in the 
present f o ~ ,  al,d we would need a more general framework. This is the 
ubject of  the next section. [For a mere detailed discussion of bargaining and 

possible reasons for failure to reach al.,reements, see Johan?en (1979).] 

e 

Before proceeding a few more word~ on th,. aggressiveness coefficient,,; may 
be in order. They have been introduced above as give5 coefficients. How~:ver, 
I do not consider them to be autonomous or co ~itant coefficients like 
coefficients in many other behavioural equations in economic theo~ and 
econometric models. They are meant to represent in a siraple form t~he 
bargaining strategy of the various players and coalddons, as ~,evels below 
which they are not prepared to reduce their clainls, hoping that !he other 
side (or sides) will acquiesce if necessary for reaching a settlement. They may 
be, de te~ined  by many s u b j ~ t i v e  factors characteristic of the soecific 
situation, perhaps by reference to considerations which go beyond the 



f o r ~ ~ ~ m ~ r h a p s  representable as a meta=game~, ~udso on. ln  tl~ 
form~da~ions abo_~¢ w¢~ ! ~ e  introduced as many agg~e~si : .en~.- :~~ats  

are i n d ~ ~ t  ~effi¢i~ts. ~ r e  :ions 
b e t w e e n f ~  for instan¢,~ betw~n the coe~cient As of a c~:alition S and the 
codficien~:~n~P0n~ng to subset~i~!6fi~H6~¢6r,'it~woul>~ be [,rematme to 
discuss s¢¢h finer .points. at the present explgrat0ry gtage, 

7 -  .;~i ~ :  ~ i_:~i i~. ,~. ;  ~ . i :  ;-~i,~, ,. ;,~._:,,.,~ ~ :  • .. , -  

A gamel > s ~  ;m terms oral i a ~ch~ct~e~s~i''i i ''~' "~ fU~fion,"> ,~ Perha~ modifi~i~ by 
aggressiveness so a~, to ~ d ~ t i ~  in t e~ i -~ )a i~  ~c t iOd  ~(~, ~i~i fa~) 

original f o ~  does-not?contm -~ s ~ ~ n i  :~ itffo~ati~n :.:: for S a ~ g  which 
core~);tion(s) W ]l b r e a k  d o ~ , . . ~ l h e r  .approaCh ~;,~t  be t0introdu(ie a 
s ~ e m  of m ~ i ~ i J o n - o ~ . : - ~ S  Or ~ i v e n e s s  wt~n the core fail~ to 

p a r t ~  Such ~ r o a ~ .  may be roaliStic for c e ~ n  situations, '~but they do 
not c o w  cases in Which :a failure to reach agreement may entail a 
~ d O W n  c¢ c~opera.~k)~, s(! that the total value of the game as a 

~ .  ~ i i ~ ~ ~  bY ~ y e n ~ . A  Possible formafizati'~n is 
........ ii i i i ,  . . . .  i i  

played in many ¢t~fferen~ way,,:~ Let us designate by P a partition or a 
cc.alition structure of-the set,N o|" players into coalitions S,,.,$z,...,S~. Then 
~he. ~ cart be pla~-o~)perat.ively as ~etween playei's within each 
c o a l i ~  ~ e  ).he coafitions l~tay non.operatively against each other. To 
be a ~ bit m o r e , ~ ' - , ~ e  niay.~think-of each player~as having at his 
di~tpc~:--a-~-~of ~ b l e  actk))ns (or~Strategies) Affrom which he has to 
~ ~ e  aa ~ (or?a ~ t e g y )  ai, A'~co~ifion-S will have at its ~ d i ~ ~ t  alt 

I m ~ - - ~ O n ' ~ : ~ ~ e s " ! - : ~ ~ : ~ " e ~ ~ ~ P ~  combinations 0f:indi~dual 
action~, so that we could, in gen¢.rat~: s ~ k o f  the a~ion a~ 0f~atit i6n S, 
belonging to a se-~/i~ of possib!e a::tiom; b r  th;.- ~.oaiiti~,~~ Now the pay-off to 



a coalition will depernd on the acttons taken by aii coalitions so t!rat we can 
srtteP for an-y coalitim is,, 

(3.2) 

whore cIP designates the actions by the coalitions under the partition P.’ 
We mw a~surne that there exists a non-corrper&,e solution to this game, 

each coalition trying to maximize its total payoff. Let tile corresponding 
actions be a Coalition Sk will then obtain &(lii P). We may use this for 
defting a sort of characteristic function by 

(3.3) 

This is the total value reached by coalition S under a par:ition cf the game 
ctmcspondiug to P, where S is one.of the coalitions constitrrlting the partition 
P. 

For a more complete spe&cation we must also say solrlethireg about wha: 
finer sub-coalitions of the coalitions S I,. . ., SK in the partition 1’ can get. If S 
is oned the coalitions in the partition P, then let S* be a sub-coalitilxr of S. 
Csahtiaa S* will claim a part of the value given bv (3.3). The source c:f 
strength of coalition S*, which can form the basis for the claim, will be the 
value t.hat S* can obtain by breakirrg away from the twt of the coalition :9. 
This would be the va$e 

‘&* 1 P*), (3.4) 

where P* is the partition obtained from P by splitting S into S* and S-S:‘. 
‘T’hus, for every sub-coalitiou S* of a coalition S in the partition P the payoff 
to members of sub-coalition P should be not less than given by (3.4). [An 
altemutive definition at this point might be to define the value o c+f coalition 
S*, where S* cS, as the value that S+ would obtain if the ~Jkiyem in S, but 
not ir S*, did not necessarily form the complementary coalition S\S&. 
Instea$l we could define the value of o(S* 1 P*), by comxdering wilat 5’* 
obtains in the non-cooperative game where the worst possible :‘ub-pi rtition 
of S\P takes plxx. The worst possible case for S* is not nec3sssr-i y thikt 

‘The con-t d zi w:iGcm of the set d players so as to form a coalition muxurc is c xmii d 
in coopxativc game tbxy, see, e.g., Lute ad Raiffa (1958). I-i owever, in tl 3 presenl cc ntcx[ it 
plays a somewhd difierent de in that the ma&ions play non-cooperatively against SK 1 other. 
in fact, for some purposes it might be relevant, as in usua! cooperative game theory, to cmkbr 
coalition structures inside each of mu- coalWms 5 1,. ., S, S.xming P. 



- . - - 

-S~-:~ty~--M ~ ~fi.~:.-.-=-. ~see., the.numerical ,.~xample later on i ,  this 
sectior~ Some further comments on this point are given in the concluding 
section, An ~n~logous problem exists in ordinary cooperative game theory 
about th©d~nifio.n-oria~. ~tion of the. :core:]!,-:: :~,:; .:.:~ .... ,. : 

A solution :ffxr ~ e  mixed: :~perati ' ,e/n0n-o ~operative game which we have 
d ~ i b e d  a t m ~  ~ - b e - a  pair ~ t i n g  of an outcome vector:combined 
with a p ~ o n  of ~ set ofplaye~, written as 

' )-- x 2 , . . . , x ,  I s , , . .  (3.5) 

.meazdng~!~his~i~ .: ~th~._.:::i~.~fion is~: abtai~: . :by c o o ~ a t i o e  ,Sithin 
~ ~ i t i o I l ~ S | ,  coA~~in-~tiol!~l:PF(~d n o n ~ p e m f i v e  play as 
~betweee c ~ d i t k ~  :,.. ~:~:: " . . . . .  - 

.An outcome vector]partition wlfich-i.-~ : . ~ t s . :  a solutio,1 shou~o -now 
salisfy several requirements. In the first place, each coalitic a in P should 
re~-eive a total amount which corresponds to what. it gets in the non- 
e o o i ~ t i v e  ~ ,  as ~ ~  by (33), Furthermore, ~ c h  sub-coalition of a 
coafilion ia Pshoul d ge,t.,~least as~much ~s:it!:can ~ according to  the 
~ns idc~ t tons : . : r d .~ .  o:O:~4~:~We:.may: say=that a:core Should exist for the 
internal ~m~erative game inside each coalition ir~ the partition P. This can 
be ~~,~..ed~.as ~ a.~~on~:;fo~ ~ coa!i/'tions~in P to be viable, i.e. not to 
break-do ~ he~a~: ;of  internal: conflicts,-...-..The ~ ition shoulc., also be such 
that n~ ~pau= o t ~ - . . . ~  ~-~=~gmn : b y - . ~ g ~ ,  when. the new coalition 
~ ~  ~ ~ ?  ~ i ~ i s ~  ~ since the.two coalitioaa would 
then :be likety::-~. : t r y ~ t o , - r ~  ~ p o _ ~ ~  ~ --- 'or -wem~y introduce a 
similm:~;~~:re~-to-~of an.arbitrary number cf coafitioas. 

There, ar~ many problems involved in the definition ofa soiufion, some of 
which ~,~II be discussed below. For clarity we will, however, put down the 
¢ ~ t i ~  of a s o l u ~ a . . l t ~ e  bit more precisely for the cas,::, ba~ed on the 
conditions already . ~  io: 

Defm/ti~,: of a - ~ ~ ( ~ ~ ,  ca~),. Let ~e: function: ~(S] P) be~defm~! as 
e x ~  _by O.tH3,3~-An~outmme Vectvr X=(xl , .  ;:~x.):and a -partition ,P 
of ~ p k ~ J n t o  eamlitions St , . .~S~ :then form a solution if.the following 
conditiom ~ ; .~. 

Condithm (a), Ea~k coalition in P receives a total value given by 

~ ~x!=~(Stt F), k=  1,2,...,K. (3.6) 

Ibis co~t~dition gives co each coalition in P the value it ach_i~;ves i l  :he non- 

Condition (b)£ For each coa~IAn.n Sk which contains more than one player 
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each sub-coalition S* in S~ receives at least as much as it would obtain by 
breakit~g oo~ of S~,, the partition othe~ise  remaining the same,, i.c, we have 
for each k = 1, 2,..., I(, where S~ is not a single player, 

F,s#:~$~] P~) for each S~* c:S~, i'3.7) 

where P~' is the partition obtained w~en S~ is split into two, i.e., 

=(st , . . . , s t ,  \st , . . . ,  s, 

For each Ss, (with more than one l:.iayer) these conditions say that the 
outcome for players in Sk should be ;,n .he core of the cooperative game that 
~ e s  place within coalition Sk. (When this core exists coalition Sk is said to 
be viable.) 

Condition (c). In the partition P there is no ~air of coalihon,;, say S~ and S~, 
such that the new partition obtained by merging Sj and S~ into the joint 
coalition Sj u S~, flleaving the other coalitions unchanged) cot ~tains only viable 
coalitions and gives a gain to S~ and Sk. ~n other words f,;r each pair of 
coalition~ S~ an t  Sk in P, either 

v" ...t_ ~ "b" (3.8) 

where p i~ is the partition obtained when Sj and S, merge (and hie other 
coalifion~ remain unchanged), or the coalition structure P~ is not viable, i.e., 
it is not possible to satisfy conditions (a) and (b) for tMs new partition. This 
conditim~ says that it is either not tempting for any pair of coalitions to 
merge, or the new coalition :;tructure that ~ould be established by sucl~ a 
merger ~:ould not be viab~. 

In what sense is it rea:;onable to call an output vector and a partition 
satisfying the conditions of tbis definition a solution? I think the most 
natural consid©rafien is to sta~:t out fi'om a proposed (x[P) as a sort of initial 
proposal and t~ t  i~' there are tendencies to change it. With no change in ,~h,:: 
coalition structur~ the proposed solution has the same claim to being ~ 
solution as a non-cooperative soPution in usual non-cooperative games. 
which need not to be discussed here. Conditi,~n (b) guards against ch,~nge': 
tbrough the most obvious action by a sub-coalition: unilateral withdrawa~ 
fram the coalition to which it belongs according to the initial proposal. 
Condition (c) guards against the mo:d obvious cha~g:s by jo'~,~t actions by 
two coalitions. The considerations ~.lluded to in connection with conditions 
(b) and (e) are rather simple-minde.t or myopic on the part of the coalitions 
o': sub-coalitions involved, i.e., the players settle for (x I P) if there are no 
rather easily detected opportunities of doing bette~ for some of the players. 
JE~O-  L 
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In co--on :wi~ .~ndition (c), c~)aiitiom) S~ and S~ ret.~.at to the initia| 
c o ~ a  structure P i f  the contemplated merger proves to produce a 
struc~t~re, which is not viable. 

The d:~fimtion gi,,~en above could obviously be modified in various ways, 
especially according to the degree of sophistication oropfi~sm/pessimism of 
the various p l a~ :~  regarding action possibilities and analyses of 
consequences of ~ ~  actions. For instance, the value used to theright in 
condition (.3.7)could ~ d~ned in other ways,. The crudal issue is what kind 
of alter~,e(~ve arranjgements of the ~c~ittons t h e  sub-coalition under 
con~.~k~erati~n will take into account when it con!:emplates breaking out. in 
connection with ~¢omiifion (c) one could obviou:!lly,~as a l r~dy mentioned, 
stipulate: simiJar :conditions for m e r ~  ~ more g ~  two original coalitions. 
One c o ~  also ~nstn~ct more CompHcx c o ~ t i o n s  by c o m b ~ g  
considerations from (b) and (c), refe, rring to possibilities of members ddeoing 
from different o.-iginal coalitions to form a new coalition. I shall not go 
through ~ possible combination~ of assumpfior~ here. Different 
~ m ~ f i o ~ s  m ~  b~ relevant o r  ,¢alis~= in ( : ~ n ~  situations. In  the 
a ~  a rather g e ~  solution is sUgge~,ted (t:~g~.ther with some 
comments on the rehtion to  the concept of: ~,,r~ab~E:y). T)'~e fo~ulat~ou 
given above is perhaps the- simplest one possibk for this kind of a mixed 
cooperafive]non-c.OOl~n~five game, and may serve as ~ basis for the following 
discussion. 

In discussions of so|ution comepts in game theory the existence issue is 
often important. In  the present ~ a  solution ,¢i!l a~ways exist, provided 
that the n o n - c ~ a t i v e  games involved have solutions A 'conStructive' 
argument will show "this. Start by considering the partition of the set of 
players into the deg~.~terate coalitions containing only single players, ie.. a 
situation in which the whole game. is played non-cooperatively. For this 
situation condition (a) of the definition is tulfill~ while (b) is irrelevant. We 
should ther~ ~ p l o ~  w t - ~  it is p~:~ssible to forra a coaliticm of two pla::e~ 
so that they .gain by merging, thus violating condition (c)of the definition. 
(The other 'coalitions" of s i n ~  players d o, of course, remain viable.)if th~ 

~ the ~!Y non~pe ra~ '~e  solution i s  a solution of our mo~e 
genoa| game. ff i t  is p ~ :  "ble to joat two olayers into a viable coalition :n 
the way indicated, then~ we. have a ne~.,W candidate .for solution. We could then 
pro~ed by considering the possibilities of forming further coalitions, n~w 
checking n~,t only whether there is a gain to the participants of a merger, bat 
also explonng whether the c~mlit~ons in the new structure which contain 
more ~ a a  ¢)ne ~layer ere ~able. We continue until this is no longer possible. 
W..~ .~aay end up wi~ a fully cooperr~tive solutic~n, a solution consisting o! a 
larger or smaller number of coalitions playing non-cooperatively against each 
other ~ playing cooperatively, within co~itions, or a fully non- 
cooperative solution. 



L. dohansen, The core ;:~ ~ -,,luti.m in cooperative gaffe theory 15 

This procedure, starting from below with regard to cooperation, is bound 
to reveal at least one solution. But there may exist more', solutions, some of 
which art: not detectable by this procedure. A safe (but probably inefficient) 
p r ~ u r o  would be to ,xplore all possible coalition structures, impose (3.6), 
and eaa~:k which on¢~ of the structures that can be made to satisfy 
conditior~s (b) and (¢) of the definition. If no other structures satisfy the 
requirements, then the fully non-cooperative solution will do so. Tt~is 
soluF.~,.~ has a sort of robustness which the other trees do not have, since the 
viability condition for coalitions ~ condition ( o ) ~  is not relevant for this 
case . ,  

The formulation of condition (c) in the definition is important for the 
cxistenc, e of a solution. According to tiae formulation given above a pair 

t (xIP) may be a solution even if ~3.~.) holds the other way around, i.e., even if 

(3.9) 

provided th~,.t the new coalition structure P~.', is not viable. This is perfectly 
acceptable if it is the new coalition S iw Sk which is not viable. This case 
means that it is tempting to form the joint coalition because it can achieve 
an increased total value, but the new coalition doe.,, not manage to hold 
together. However, (xlP) may be declared to be a solution even w,~,.. ~J.,; 
holds and the new coalition S j u  Sj, is viable, if the joining of Sj and Sk 
make,~ some other coalition, say S,,,, non-viable. This may be all fight, but 
will ¢:rtainly also in some cases be a dubious consequence of the de~nition. 
This dubious consequence would be avoided if we repiace condition (c) by 

Condition (c'). In the partition P there is no pair of coalitions, say Sj and Sk, 
such that the joint coalition Sj ~., St could be established as a viable coalition 
and give a gain while the other (oalitions remain unchanged.. In other words, 
for each pair of coalitions S and Sk, either (3.8) is fulfilled, or Sj ~ Sk is not a 
viable coalition in the coalition structure p)v [defined as in eonn~tion with 
(3.8)] 

But then the existence of a solution would not be guaranteed. However. we 
could acid the following condition to the definition: 

Condition (d). If no (x; P) satisfies conditions (a), (b) and (c'), thel~ the 
solutio~.~ is the fully non-cooperative case, 

so that the faIi de(~nition cor~sists (,f (a), (b), (c') and (d). This would seem te 
confc.,rm with the general tenor of the present approach: All attempts to 
establ~sa coMitions ,xith some co.operation would be frustrated, and one ends 
~p play iug 'the game in the fuily non-cooperative manner. 
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• ~ , ~ : ~ : e x i s t e n ~ : e  problem we:have :the problem about uniqueness. As 
already suggested the~m is no reason ;o expect that a solution according to 
the definition-given above (either in the original or the mad~ed fern0 will be 
unique. There av~. two ~pocts of aon, u n i q u e n ~  ~¢ferring to ~hc payoff 
v~tor  for ~ ~  ~ ~same~aliti¢ ~ ~t structure, ~ to the  ~ali t ionstructua ~. 
i ~ g  It wc~:M~:~potaiblvto add Lmber,;:~nditiom M s . : o n  a comparison 
betwem the ~ u s .  iX{P)which satisfy the conditiom as sti~:ulat~ above, 
but  I ~ : ~  n ~ , . ~ r s ~ : t ~ f i n e  here, (Some conskerations are given :.~ 
c o n t a i n  ~ t h  the n ~ e ~  ex~ r o l e b e l o w : ) -  . . . . .  

As ~minted out tM~ solution h~nges on the existen,~e of solutions to t~e 
non-c~ ~operati~e games involved. ~ ~ well ~ o w n  ao~ooperad,~¢-equilibria. 
will e ~ i s t . ~ - q m t e  g e ~  ~n~ifiom (if:mixed.strategies are allowed), bu~. 
t ~  fi~uation nmybe  wobl~mati¢ ~ ~ a 6 n ~ o o l ~ r a t i v e  ~uiiibrium is no, 
uniqu:~ ( u n ~  the vm~ous equilibria are interchangeable in the terrninolog) 
of the th~ry  of non-cool~rative games). This may be a serious issue, but ~! 
will n~t be discussed farther here since it is not a pcoblem created by th~ 
a . t r # r c ~  ~ p m p o s e d ; ~ . _ x e .  

We have not ye~: intr~uced aggressiveness into the mi~ed coope- 
,rative,'nca-cooperati¢¢ gvn~-.~ ~ e  place to do this • is in conne-.~on with 
condifimt (b), i.e., (3.7) in th~ defi~tionabove. ~ condition refers to the 
i n t e ~  ~mbility of t x~ t ion  ~: (consisting of~m0re than one player). The 
sub-,.x~tion S~ will in analogy with formulation (2.3), perceive a surplus 
equal to 

,(s, l v)- (st ! er - s, xs.r l Pr). (3.10~ 

This is the gai~, to Sj: whea!~ i he sub-coalitions ,~f and Sk\S~ play 
COOlx~rativeay as comlmmd: ~ t h  non-cooperatively against the other 
~ t i o m  in tbe partition P. [P~' is ,Ls defimxt after (3.7).] On this basis we 
can, corresponding to (2.5), formulate the claim of sub~oahtion S~' under the 
partition P as 

!e)= v(s  ! pt)+ f P)-t st ! p t ) - , ( s , \ s ,  1 e,)], (3.11) 

where $i belongs to P and S*=$~. Then this claim will replace v($~'[ P*) in 
con0ition (3.7). Oth~wi~ the defi~fitioa may stand as it is rendered before. 
Players ~an raise clmms cMy t:gairtst a coalition of which they are members; 
against other players they have to ,tcccp;: the outcome of the non.cooperative 
game as far as this affects the total vakm of the coalition of which they are 

Let t~g illustrate the ~conccpts and definitions given above by a small 
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example, similar to t2.10) but now extended e,s necessary in the present 
context: 

v(l I i,2,3)--0, 0(211,2,3)=2, v(311. 2, 3)= 3, 

v(lt ! 1, {2,3})= 1, v({2,3} ! I, {2, 3})= 6, 

v(21 {1,3},2)=2, v({1,3} [ {1,3}.2)=6, (3.1:'.) 

vO1{1,2},3)=4, v({1,2} ]{1,2},3)=4, 

v({1, 2, 3} [ { 1, 2, 3})= 10. 

In this arrangement we have used { } to indic~ te coaiitions, so that lor 
instance {1,2} is the coalition of players 1 and 2. For simplicity we omit the 
braces when a single player is a 'coalition' by himself. 

In the set-up in (3.12) the first line then gives the vait,es a,:hie~ed by the 
individual players when the game is played as fully non-cooperat've. On the 
second line are given the values obtained by player I and the .:oalition "2, 3} 
when the partitior: is such that player 1 plays by lfimself and i layers 2 and 3 
join in a coalition. In the same way the third line gives tiae results when the 
partition is { 1, 3}, 2 and the next line the values when the 9artition is { 1,2}, 3. 
On the fourth line is indicated that the total value achieved when the game is 
played cooperatively for all players is 10. The example is such that the total 
value achieved for all players is larger the more there is of cooperation. By 
comparing r~l I 1,2,3) and v(1 [ 1~ {2,3}) we see that player 1 gains something 
if players 2 and 3 join in a coalition. In the same way we sec that player 3 
gains if players 1 and 2 join, while player 2 is left unaffected if players 1 and 
3 join. It cou?ld also easily be the case that a player loses if o.~her players join 
in a coalition. 

Let us now check that a s( lntion ~xists according to the definition given 
by (3.6~3.8). In this case it is easdy seen that an out zome vector and a 
partition given by 

(x,,x2,x3[{1,2,3}), (3.13) 

where ~l,x2, x3 satisfy the same conditions as (2.11) is a solution according 
to the definition. Here the struc'ure is the, simple one in which At! taiayers 
join in one coaliti~on. The conditions for viability cf this coalitio~ consist in 
applying (3.7) to single defectors and defecting sub-coalitions consis ~ng of 
two players. These considerations give the inequalit:~es listed in (2.11), Since 
we have alread3 the largest coalition possible condition (3.8) is net ~elevant 
in this case. [If ~ defector has to be prepared for the worst possible coalition 
formation of l lv. ,other players if he defects from the original coalition, then 



the result would be n:~.~.~:~]ed..~, player t defects, he would then be prepared 
for players 2 and 3 acting as single players ra:h,~r than in a coalition {2,3t, 
and he could clMm oI~I~ 0 ~ S ~  ~f t , .~  th¢:~ne way.~p!ayer 3 .could .claim 
only 3 ins~d  Of 4 . ~ ' :  W0uld ~Ve"a ~ ~ F m t  ]~ger: ~0re than 
corresponding to. (Z11) and,ms,  rated m f~.. t , ] ,  ,( 

If we test other partiitions than 'the one ~v0Iv~ in3.13), :" .,ca We will see 
by ~ of condition (3,8) that the~ will not constitute sol)a: ons, 

Let us now introdu~ ~ ~ 0 r  intotbe game as de;¢rib~ b the : Y 

characteristic ~mnction m 0.12~ We th~n ~ b ! i s h  ~ e d a ~  for atl sub- 
coalitions in coalitiiom con~e~i r in ~ch p~fifion: by appl~ng formula 
(3.11). For im'ms~ce, the claim of player 1 wit~i the ~ t i o n  ¢ 1,2.3} will be 

R(I I(I, 2, 3})= v(! j I, {2, 3})+/tt[~{l, 2, 3}. I.{ 1,2, 3}) 

.~ltogether we get the ~bllowmg drams:. 

~(I ] { L,2,3})= I + 3~0,, 

(3.1a) 

r(21 { 1,2, 3})= 2 + 2x~, 

R(3i{ 1,2, 3}) =4+ 22s' 

R({ 1,2}I { I, 2, 3})--4 + ~.,, 2, 

R({ l, 3} I{ ~, 2, 3})= 6 + 2,~,, ~, 

R({2,3}1{1,2,3})=6+3~,.,, 

R(! ) {1,2},3):=0+2A,, 
(3_'(5) 

R(21{ I, 2}, 3)-  2 + 2~ 2, 

R(!I{ I, 3}, 2) == O+ 32~, 

R(3 ! { 1, 3),2)--=3 + ~23, 

a(2i 1, {2,3})=2+~,., 

ROt t, {Z3})=3 +23, 

it is ~;sum~;d here that each player h~ equally aggressive wit~'.b~ ea(zh coalition 
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where he may be a member, and similarly tha~ ez-tch coalition is equally 
aggressive within each larger ccalition to which it may belong as a sub- 
~ l i t i on ; . fo r  instano¢, player 1 nas the same eoottici,mt of aggressiveness 2~ 
when it m ~ e s  its dram within coalition {1,2,3} as when it raakes its claim 
within eoaiitions { 1, 2} or { 1, 3}. There would ~ n,) difficuh y in modifying 
this assumption. 

For :~mall values of the aggressiveness coefficients a core corresponding to 
fall coo~rat ion will exist. If all 2's are equal, we saw in section 2 that 2 = 3/7 
is the largest value of 2 for which such a solution exists. 

If the common value of 2 increases abo~e 3/7, then the coalition { 1,2, 3} is 
not viable, and cooperation b:eaks down. Let us see what kappens if ,~.=½. 
We first try the partition P=({1,2},3). According ~o (3.6), using the re!evant 
~raiues from (3,12), we must then have 

Xl +x2 =4, :)(:3 =4.  

For the coalition {1,.2} the claims of players 1 and 2 will, ~..ccording I'.) the 
roleva .t lines of (3.15  be R(II{L2},3)=t and R(21{1, 2}, 3)-  3. Requiring 
xt ~1 and x ~ 3 ,  corresponding to condition (13.7) in the definition of a 
solution, a.nd at the ~ m e  time having x~ + x2 =4, we get x~ = 1 and x, = 3. 

In a sim;!ar way we can check the other possible partitions. With 2=½ 
they will also s,*isfy the requirements. Thus we have the follcwing solutions: 

(x I I:)=(I,3,'41{1,2},3) [2:Nx =83, 

(x i v)=0½, 2,  1{1, 3}, :,.) [Zsxi=8],  (3.16) 

(x l z½, 3kl {2, 3}) [2:nx,=73. 

In these solutions the total value achieved by all players ~re 8, 8 and 7 
respectively, while the fully cooperative solution gave 10. 

If we consider the fully non-cooperative case, which would give xt =0, 
x2=2 and x3=3,  then it follews from cond-tion (c) in the definition that this 
will not be a solution of the game with the value 2 =½ now specified. 
However, if 2>½, then also each coalition of two players will bre:,,k down, 
and we get the fully non-cooperative result, with a total value x~ + x2 +.~-= 5. 

We may sumraarize the discussion by considering what happens if we 
increase the common value of the aggressiveness co:,mcr~n. 2 from zero. \X'e 
then first ha 'e  a wide core 'w~th total outcome :,:~ "F;~24"x3=lO. With 
increasing 2 the solution remains fully cooperative, but ~:he set of outcowe 
vectors satisfying the requirements shrink, and becomes ur~ique, namely 
(2~,2~;, 4~,, when 2 reaches .3 (so: the example in section 2~. When 2 increas,'s 
above ~, then there will be three different kinds of solutions, correspondi~ g 



2 o  • ¸ 

to~the,,~ti~.~({l,i.~3),i~{{.~i; 3~2),~i~(I,{Z3]), ,vi~ total values 8, 8 and. 7. 
With ~<~.<~ ~~sion-wi~hz each,-¢oalition is no( tuque. When A.=½ ..the 

[a~s 

.... 

,=3 if 
targer 

Fig. 2 i]lus|~.rafes~ ¢ o ~ ~  o f ~ ~  ~a~~~ne~ when~,t~re 
is a common cc, e ~ t  of a ~ v e n e s s  R as just 6i~ussed, At the top of 

V . . .- ,t the ~ are ~cated ~ anous pamtions orfoalition structures valic, for 
the ~ t  ~an~s ~ ~ ~ nex. t ~. ~ows.~. step~,se dec~ ~ ~ ~..-.~tal 

({ L 3},-2)=-whi~i:~ ~ t o b e i ~ ~ : i ~ : o n e ~ o f  ~the t h ~  alten~atives 
in ~ ~ : ~  ~ : : ~ ! ~ o w ~ ] ~ i l ~ o ~ i ~ : i n  ~ the : ~ r e  . ~  shown- the 

' ' t vaiecs for~x~,x~aed-~xs,.~:.~~for:~x:~ ~ . : b e ~  ween l and  4for ~-0 ,  
the range ~ ~  downto ~ ~ t  ~ 2 ~  for A=~. When A increases 

" ({I,3},2) 

I t  - - - -  ( ' ! , 2 , 3 } 1  - 4 ~  ~ 1 , ~ , ~ )  - - - - - - - -  

x |  + x 2 + X 3 

| ~ ---E~--~-~_~'-'-"- --~...~ ~ ~r . . . . .  ~ ...... 

t 2 " 3 I 

.~ . . . . .  

! rig, 2. ~us~ ~the ~u~,:~-the,i~ ~, o~ -~e claim function (3,15) for d~eren~ 
values of a comw~on ~ ~ t  of ~ggre~ve~ess )~ 
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beyond ,} we must have xl+xa=6 with x1>_32 and Xa~_3+32. The range 
for .xl narrows down from the interval 1~, 1~ to the point 1½ for 2=½. For 
2>½, : l =.0. In a similar way wesee the possible developments for x2 and x3 
when ; increases from zero to values exceeding ,. 

We conclude with a brief discussion of the umqueness or non-uniqueness 
of the coalition structure in a solution. In the example given above there 
were three different types of solutions for intermediate ,levels of 
aggressiveness% i,¢., for i}<2~;½. If we modify the definition of a solution a 
little bit the conclusion w ~  be sharper. In the conditions in the d,,,tTmition a,, 
given above the various sub-coalitions considered only the possibility of 
breaking o u t  and playing asnow coali':ions by themselves, and new, larger 
coalitions were eonternplated only by merging e~Jsting coalitions. Let us 
require also that no sub-coalition should be able to break out of its present 
coalition: and form a new, viable coaliti(,n by joining others, and f,)rth~rmore 
make a total gain for the new coalitio:i by thi~. Limiting for sin, plicity the 
f o l ! ~ n g  ~ u s s i o n  to- the ~ e  2=½, where we originally had three 
alternative solutions as given by (3.16), we then see that the solution which 
builds on the coalition structure (1~ {2, 3}) ~ 1  no longer qualify as z sohttion. 
In thit,' case player 3 ~u ld  defect from the coali, ion {2, 3} and join player 1 
so that the new structure ({1,3},2) is formed. P/ayer 1 would then increase 
his payoff from ! to 1½ and player 3 wc.uld increase his payoff from ~ to ~ .  
On the other hand, player 2 will so'. his payoff reduced flora 2½ to 2. 
However, he can do nothing about this if players 1 and 3 decide to join in a 
coafifion. Considering tht, partition ({I 2},3) we can reason in the same w~y. 
In this ease we see that if player 1 defects from the coalition { 1,2} and joins 
3 in the coalition {1,3}, then both player 1 and player 3 will increase their 
payoffs. It appears, then, that with this more demanding requirement for a 
solution, we. end up with 

(x I P) =(1½, 2, 4½1 {1, 3}, 2) 

as the unique solution when 2 =½. This is the solution indicated in fig. 2. 
Also a more unequal degree of aggressiveness could create uniqueness in 

the solution (retaining the unmodified definition of a solution). For instance, 
let player 1 be particularly aggressive corresponding to far instance the 
following stipulations: 

21=0.8, 22=0.4, ).~=0.4, 2t.2--0.6 ) .3=0.6, '~,z.3"-0.4. 

Using the figures in (3.12) and the claim functions as set out in (3.15) it is 
then easy to see that the grand coalition { 1,2, 3} breaks down. Furthermore 

1, 3} break down, while {2, 3} ,ernains viable. The coalitions {1,2} and t 
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solution in this  case  ,MH~I~ 

(xt, x2,x3-[ t, {2,3}) whea© x:t, x2,:~:~ ~ d s f y .  . 

By ~ toO.~~~.,e player-J h~ ~¢re made l~m~eaf ",impossible in 
coalitions with: othet~ ! ~  endsup  wi~::t~e ~ r  result i .  :-The .result is also 
not lmtticulatly good for the ~hor  p l a y ~  ~©::~to~outcome being only 

In the ~mdon:abo~o:~:~mw ~ a ~ ~ ~  :nmy |.~md to a lower 
degree of:coopera~tL; because ~ e  daims:,withiaa' co i t i on  may-become 
incompatibly large~:A ~e l a t ed -o~a t iOn  iis:.that~:the mod/..l also makes it 
tremble for cooperation t o .b r e~ -down  b e e a ~  the' available amount to 
s a t i ~  the dainm- of sub,co~fions ~wit~n a coalition is too Kl~lllr. This may 

" ff-~ : is; : "  ..... ~ -''--"~" :- happetveven~: : ~ :  ~ ~ ~  =~'=~-s~: m what is ,already ~p i ied  
by. ttm ordinary corv-cl~mitiom : ~  ~ ) ~ y ,  ~ustmted by the: game 
d ~ ' b v d  by {3,L~), w i ! , a : s o ~ n : a $  given by 0.13). Let in this game 
~({1,Z3}[ {1,2, 3 } ) d ~  from m:::to:$~ ~ :  ~ daima from coalitions 
{ 1,2},-{L 3} and- {2,- 3} -my b~ jointly sat~ifi~ :with ~no.siack, If it d~clin~s 
below 8 tl~-d~s ~om ~M~¢,oalitimm ~I.-~ ~:omlmtibl~, and the 
solution must be found r,t .a:Iow~-ieve4, M cooI~ration. 2 ,This effe~t conforms 
with many common.~nsc argtmaents,,and casual empirical observations. 
However, i t  is of intetes:*..to-note ~hat a ~ e n e s s a n d  a small ~otal wflue 
for a coalition do not  add .up their effects as ind~)endent ¢!ements in 
,~#mining possible breakdown of cooperation. The reason is t~at 
aggres~venes~ applies ,,o claims in a potential surj~lus for a coalition, and 
when this surplus d c ~ s  with a dvcline in fhe total:value of the coalition, 
the dahns also decline. Consider agahi the example used above, now with a 
common level of aggtea ~ivencss/L According to (3.1 $)the claims of the tt:ree 
two-coalitions vdll then 

! 

e({ !, 3} ) { 1.2, 3}) =6  + 

L--npl.~,ing a total claim of 8 + ~.L If v{{ 1, 2, 3 } [ { 1~ 2, 3 }) declines to 8, the claims 

2~. ~ f ~  m: l~e. ~ ~ ~ t e d ,  the.game ,will m)t be ~mperaddJJve if 
~{~,;,3: ~{1,2,3~)~~ beiow!8.HQwever, the eff~ d~-~al~d .above would r.p~r a~o if, 
for ~t~:~e, ~2[{1,3~;2~ and v(3]{L2},3)Were lower so ~at the g~ne was stitl seperadditive 
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of { 1, 2}, { 1, 3} and {2, 3} will decline to 4, 6 and 6 + it respectively, implying 
a total claim of only 8+-t/). instead of 8~-~L With 2>f.  this is still too much, 
but more ~ d e r a t d y  exees~ve than if the claim had been kept unchanged at 
8+]2.  ~ e  raay say that even ff our players are aggressive, they are ~ o r m e d  
or ~ 'e~t ie  ha the s~nse that they make claims in an available surplus, and 
modify their claims when the surplus declines. 

4. ~umjmary and concluding comments 

~ ¢  motivations of the tentative explorations presented in the preceding 
s~,tions a r e  found partly in observations of how actua! economic systems 
work, and partly in the structure of game :theory as presently applied in 
economics. 

On the factual side we observe mixtures of cooperative and non- 
cooperative behaviour, and we often see that the degr_~ nf a~,~eess~i,,eno~ , r  
various groups and agents is decisive for the type of solution that emerges. 

O n  the theoretical side, game theory (as well as most economic theory also 
whe~ it is not presented in terms of game concepts) usually assumes in 
advance of the analysis whether a game is to be considered as cooperative or 
non-cooperative. If it is assumed to be cooperative, then the most corpsmen 
solution concept, the core, assumes a very defensive behaviour op the part Jf 
the various players and coalitions; there is no representation of 
aggressiveness in the model, and there is no such thir~g as break-do~.,:n ~f 
cooperation, tt may be found that the co~ does not exist; however, further 
imerpretations of this situ'~tion are usually not given (but other types of 
sotations than the core may be developed). 

On t!-is background I tl~ink there is a need for a more general theoreticz:i 
framework in which game.~ can be played as a mixture of cooperation and 
non-cooperation, and where the mixture or degree of cooperation/non- 
cooperation is determine l endogenously. Furthermore, there ought to be 
some sort of roprescntati~n of aggressiveness :.n the model since the~:e is 
hardly any doubt that suc~l a tl~ng in,'luences outcomes in practice. 

In the framework as d "scribed in the pre¢,~ous sections aggressiveness is 
;ntroduced in a very simple ~,~anner, by means of cocffic~mts ~f 
aggressiveness' which reflect the claim a player or a sub-coalition will raise 
referring to the surplus which is within reach be=ause sub-coalitions 
cooperate in a larger coalition instead of playing non-coo~,rative~y. These 
levels of aggressivenes,~ assert themselves in the bargaining process. There is 
nothing mysterious abt~ut tlaen~. They ma:: represent i:-,tern~i decisions .in 
coalitions about minimum levels beiow which the3 ~ill under no 
circumstance agree to move in the bargaining process, or ,.hey may represent 
levels to whic~ negotiators have openl) comnfitted themselves as strategic 
moves in the bargainir~g proces~,,~. In other cases they ma~ be more obscure or 



tlexib~ r(~reseat/ng::l~Cho~ogioal:rcsistanc¢ rather than decisions or open 
¢ommitments,] do:not, of c~urse, expect the 'c~fficient~; of aggressive~;ess' to 
Ix,' ..~mnenable .~m=~, s ~ u l  ~notae~:~est imation.~ ~There:~are • ~:~erent 

over to~-~the~ ~ ~ ~ ~ ~ ~ : , ~ m ~  t ~  ~ pa~r:-~f,~,my disc•~i~n of 
Imrgaini.g in JOhansen (1979).]~ev~le~-I:~!think it h d ~ w  gain i3~si!~ht 
imo i m p o ~ t  and ~ f i c  situations ~o have a framework in which th~re is 
a :place for different degrees of aggressiveness. 

If one hesitates to accept the i n t r o d ~ ~ b F : ~ ~ ~ ~ - ~ i n t o  f o c a l  

set Oet..~ ~ 0 a 3 : i S :  ~ .  ~ ~ : :  nt u ~ n  the~:~oduotion of 
a g g r e s s i V ~  ~ ~ n i n g  is relevant also for the ordinary s ~ a f i o n  of 
the c h a r a c t ~ ,  f i ~ n  o f . a ~ p e r a t i ~ . g a m e  in the~ cam .where the to.re 
;s ~.-mpty ~ ~. want t Q p ~ . ~ t ~  ~ ~ - . . ~ ~ d  . a : : ~ s m ~  t a~mt  O',e 

~ourse, .rare likeli to b,- - relevant wh.~.~ .there is .  some deg'ee of 

Some ~ the ~ ~ - ~ 0 ~ n c l u s i o n s  : : .~hed in the preceding sections can 

(I) Intr(ghtdng aggressi'veness •into ~ ¢~mperafive game we can establish a 
claim ~ononitbe basis of the .usual characteristic fmtction; The 
definition and further analysts ~f.~the core can be carried out on the 
basis of 'the claim function in a: similar way as the analysis of t[ ~ core 
on the b~is of the cheracteristic xXmction for the usual case, 

(2) The core of the .game when-aggressiveness: has been introduced will be 
W I!er.~ ~:~::core with defensive-players/~ and the core for the 
case ,of a l lg r~g~  players may-fail, to exist ¢~ea~ff the ordinary core does 

(3) Tlgxe is no--simple xule,~which-~ays in advanoe- what degree of 
aggressiveness a gamemay : ~ ~ ~ t e  before the core disappears. 
Th/s is~il!.~ustmled~,by :the example ~ in, s.~ti:~n 2 where the ma~:imal 
un~,form degree of aggressiveness which the game could accomrvodate 

(4) A game in which it is not ~,.ermined in advance whether or not the 
game slu~ be cooperative, or what degree of cooperation the~e will be, 
requires the specification of .~ sort of generalized characteristic function 
which indicates the values various coalitions will receive under 
various partitions ,-or~ ~aliti~n s~uctures, whereplayers.are cooperative 
within ~ f i f i ~ a s ~ y  n0n~ooperatively against ~ach other. 

(5) A solution of a game in  th~s form must spec/fy both the partition of 
p~ayen; h~to ,~alitions and the outcome for the various piayers. The 
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(7) 

(8) 

,O) 

00) 

Jolution must ~atisfy different kinds of conditions: Each coalitic,n 
receives what is determine.d by the non.~eooperative game between 
c, oalitioas; the  partition or coalition structur,~ i~ such that no sub- 
~ f i o n  can break out and gain by the more non-cooperative game 

then  e~tabtished, and different coalitions canr.ot gui~a by joirfi:ng into 
~.arger coafitions, The rro~e W'ecim specifications can be given in 
different ways as discussed in section 3, or ntore generally as in the 
appendix. 
For t ~ s  generalized type of gam,~ a sohtion will always exia! under the 
special definition given in section 3, provided tl~at the non-cooperative 
games involved possess solutions. The solution can be anywhere between 
full cooperation and fully non-cooperative play. The solution is not 
necessarily unique. 
The degree of cooperation in the solution of the game will deper~d on 
the degree of aggressiveness, roughly speaking in such a way that the 
degree of cooperation is smaller the higher is the level of aggressiveness, 
Small surpluses in ~he various coalitions may also contribute to 
breakdown of cooperation. 
As a consequence of the preceding point, there is a tendency for the 
total payoff for all players taken together to decline in a s!cpwisc 
manner ff the degree of aggressiveness increases from zero up to the 
point where all individual players play non-cooperatively. 
The results for individual players can be more varied accordir, g to the 
degree of aggressiveness. As long as a certain coalition structure r~mains 
valid, a player may gain by being more aggressive, but if his 
aggressiveness increams beyond a certain point he may drop out of 
favourable coalitions and lose because of his aggressiveness. 
Although it h~ts net been illustrated by the exa:nple in section 3, the 
analysis can easily be extended so as to say more about the pattern of 
coalition format.;aiJs. For instance, in a four-player game with two 
aggressive and two more acquiescent players the model would predict, if 
the total degree of aggressiveness is too large ~'or fuJl cooperation, that 
there' will appear two coalitions with one aggressive ~md one acquiescent 
player in eaea coalition. 

These points are to t  cited because they are particularly striking o= 
surprising. On the Cell fury, most of them sound quite obvious or plausible. 
The point I want to make is that it is desirable to have a s e r  ~ of conceptt, al 
framework and a model structure in which such points can be made within 
the framework arid on the basis of the model, and not only as common-sense 
observations outside th~ model. 

The model of a mixed ccopcrative/no~-cooperative equilibrium as 
explained i~ section 3 is a sc, et o[ generalized theory as compared with 



s t t i c t l y ~ ~ t i v e ~ : ~ y  ~ ~ f i ~ t h e o r y ~  In otl~r ~ t s  it is 
as .simple ~ / p ~ . . ~ a ~ . l e s s  general than some other models found in the 
literatm~. :Fox instance, ,¢e have assume t throughout that the result actfieved 
by a player..ox a ooalition is: measured in terms of some homogeneous, 

<uansfera~©,good,~.,mo~t d ~ i y , l n t e ~ ~ e  :as:.,. money; In a 
~ , , r  way as o r d i ~ ~ e  t-.hco~ :has ~ o : : ~ ~ i ~ : i ~ ,  :as : toco~r  the 
ca~ of ~ ~ b l e ~  utility~, ¢,ne ::may :: genera~: t h e  ideas o f . s~ ion  3. 
Furthermore, there are other solution concepts than the core which: might be 
useful ,as a .stm~ng-~point.:-:for .vonstrucfing.:a mixed .¢oopera~e/non- 

It lue: .been. ~sumed above ::that al! l o g i ~ y  ,~ possible~ coalitions can 
potentia~ly~ b e  f o l ~  and that t ~ y :  ~an coo;~a te . ,  the u s e  o f  the: :action 
possibilities associated with the members of. the coMition.=: For:practiced 
r~sonsthis  may ~aot always be ~ossibte, Formstat~,~ it may be impossible 
for the coalition to make sure t~,at all m e m ~  actually behave as agreed 
upon in the coalitio~c For such ,,:easons it: may in s'~me cases be re!evant to 
fmpose r e s ~ o n s  on .coa,~:ifio~ structures which ~ n  .actually be:fonaed. 

A crucial point ~; the d~-~tion of an equifibrium as  discussed in section 3, 
,,~pec~,tlly the conditions which .refer to the.ipossibiliti~ of gaining by 
,de,¢~,ug from ex~Ring coMific~ns~ o r b y  merging existing-coalitions into 
larger coalitioas. For these aspects of  the. d ~ t i o n  somealternatives were 
suggested h, ~ a  3, and a mine geneS: ~ t i o n .  i s  proposed in the 
apoendir, I do not think it is veff iml~rtant to  settle for one very specific 
definition in this ~qpcct,, I consider it  more wJdistic-to have ,in mind several 
alternative types ¢ff ¢~nditions. An outcome vector/coalition structure may 

son~ stability if it is not ~dnerabl¢ to the most ob~ous and simple 
n:arrangements c4" o~flifion structures, for instance as iudicateed in the main 
definition given in section 3. It may still be vulnerable to reorganizations of 
coalitions which can be oiscovered and implemented only by more active 
and sophisticate! playe~. Accordingly ~ we may have ~'solutions ' ofvarying 
degrees o f  stab~ty or  vulnerability;_ ~ consideration could lead to 
i n ~  ¢ f l ~ ~ n s  c o ~ ~ : t h e ~ : i m p o r t a n c e  of inventiveness and 
sophistit~ttion on the 1~:~ of:~the various, players in considering alternatives 
to an existing coalition structure. There would ~ to be some 
contradictory tende~zie~. On tlhe one hand, lack of inventiveness and 
. - o p h i s ~ o n  may k~zui to a situation with a wid~ set of solutions, some 
goc~l am~ some bad. One may get st~wk in a.bad situation, o r  remain .safe in 
~ good situation. On the other hand, with more inventiveness and 
sol~)histicetion soroc ba¢!! ~tuat io~.may fail tO, ~ solutions of the .game, 
because tb, e prayers ..see favourable opportunities of reorgan'mation, But it 
may also happen that otherwise robust, good situa~,ions fall apart as 
solutions because the ptayer~ ~ tempting alternatives in various directions 
so that c ~ t i o n s  no¢~ .d. t O . . ~ ~ . ~ h e  gOC.~ ~ituation .will no longer be 
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viable, i~.~., disintegrate so tbat the game takes a more r, on-cooperative form. 
Alon|g a similar line of thought one could also be led into speculations a~0t~t 
the pos';ible role of institutional rules and regulatic,ns for the protection of 
good cooperative solutions against tendenc~s towards disintegration. 

i . ,  

Tile concepts and the model introduced in this paper are very ~entative 
and meant only to help intuition and pr<wide ins~i~:ht at a rather general 
level. The model is not meant to be ready for a!)p!ications or specific 
interpretations for concrete cases. However, some problems seem to lend 
themselves in a rather natural way to formalizations a!ong the lines of the 
mixed cooperative/non-cooperative game. 

The most obvioas example would perhaps be ¢)lig:3poly sittaations where 
the players are the producers. A fully cooperative soh~tion would in this case 
correspond to collusion, whereas the fully non-eoc:per:ttive ease would be the 
Cournet s(}lutiea. Intermediate cases would be cases where so:.rie pJ-oducers 
form coalitions, i.e., behave in a collusive manner within the coalition, but 

V v  i l i V  t ~ i  ~ I b i . ~ i , l ~ l  [ l l r ~ l  I~ V l ,U~J t  ~ l l . J tU l ,  l t f  I , I ~ I L I t s .~ .  • l l l i ~ '  ~* ,~ l t , l~ l , l  l[~l,ll, e I,~k~ 1 IO t lV~ ,¢  

ftmction corresponding to (3.3) could in this case be established o n  the basis 
of the demand function in the market and the cost functions of the various 
producers. 

Another example would be a set of producers who exploit some sort of 
common natural resource, for instance fishing t,ountries ar,3und a sea. The 
payoffs could in this ease be, for instance, the present valtte of ,he flow of 
income ~om fishing for the various countries. A coalition could limit i~s 
present catch in order to keep future catch at a l, hgher level. A country which 
is not a member of the coalition could pla~ non-cooperatively and thus to 
some extent take advantage o f t  he situation created by the coalition. 

In such eases as those mentioned here it vdll often be to the advantage of 
single players to ~)reak ot~t of a larger c o i t i o n  provided d,,at the other 
players remain in ~he coalition. Whether a cooperative solution will e,;tablish 
itself in such a c~Lse depends on what formulation of the second cor.dition 
[condition (b)] ie the definition of  a solution in section 3 is most relevant. If 
no p!ayer is satisfied with less than what he would c,b 'tain ff the other ones 
remain in the coe.!~tion even if he l-tim~lf breaks out, then coalitions ~11 not 
hold together. However, if we, in defining the stabilit:¢ condition., for the 
coalitions, assume that each player.~ when he eonter~?lates breaking dot, 
conside~ the possibility that also the rest of the coaiiti~ n breaks down if he 
himself defects, then the coalition may bold to~:et~.er. (In the general 
ddinition in the appendix these con,Aderations refer ;o the form of the 
function ~.) 

A third exaraple, but perhaps somewhat more indirect, would be wage 
el~Lims in relation to inflation problems. A large coahtion may limit its claim 
because it recognizes the effects of wages on prices. : or smaller coalitions 



~onmaee tam a ~  m a dil~rent lisht: An imr~rtant question i.% at what 
leve~ between the f u l l . ~  national on,.on and the compl~ly ~rom~stic 
situation ~ will wag~ bargains be sett!c~? O~e might approach ~his problem 
aloa~ the Hum of th~ ,theory outlined in  ~ paper. . . . .  ~:. 

These are jtlst brief suggestions. I tkmk it is not d i~u l t  to find a number 
of examples~wdte~ , f o ~ t i o n s  aloft 8 ~t~ !in~ i ~ . ~ t e d  in se~:tion 3 would 
have someappeaL 

I conclude wi~-~me briefo . b se~ t i~s  on ~te~va~nt literatu~. 
As ~ t e d  ~ t ~  8 a ~  ~ . ] ~ : ~ t i o e : s t ~ c t u x ~  are:weU lmownin the 

Eterature, However, when a c o a h ~ o ~ - ~ ~ - i . q ~ u c e d : i n t o ~ a  game it is 
usually don~Aatlw. ~rorm of a~:~:~f'~,.n~ure~imposed ontbe game, 

~, p a r t ~  i n t e ~ t i ~  study of coo~rative 8ames with coalition 
suucturex is given by A ~  and ~ (1974),~ This. paper clarifies the role 
o~ coalition structures in connection with seve, ral diffc~nt solution concepts 
in game theory. The m i x ~  coOP¢.,~fi.~/non~perative .gaune theory 

m seeeon 3 ~ (-.rod ~ m~,~appead~) could perhaps 
be, linked up in a natural way with some Other .solution concept.s than the 
o ~  c,o~ ~ we took as the starting point. Aumann's m~d Dr~ze's 
pal~ would provide a basis for such extensions or reformulation~ 

As dis¢.um~l by. Aumatm and D n ~  the intexp~tation of 'games with 
o ~ n  s t ru~es"  .remains somewhat obscure, The authors suggest some 
F~.~bk ~t~tions,Of=~ games ,as represe/nting actual situations, but 
t~. most convincing interl~etafion is to consider !games with coalition 
s~g~ures" as an element of a broader analysis. In the words of Aumann and 
F~r~e: "If ~ ~eader ~ he may view the analysis in this subsection as 
~mrt of a broader analysis, whidt would consider simultaneously the process 
of coalitio~ formation and the bargaining for the payoff.' Games with a given 
coalition ~ e ~ - t a k e : u p  One::part,oLthis , ~ e r  s t a y  'and should thu~ 

~ o o d  -as, a-:contortion ~to . ~ : ~ e q ~ b f i / u m  anatysis: .Th,~ 
~w4nowc, oopera~ve.~.,. ~istu~,~,,m-~,tht~:~:present~ paper is an 
approach to tb: br~der.,ax~lysis. Howe~er., the models of 'ga-," with 
coition, ~ ,  do!~nOt .provide :~elemen~. which could. ~. ,ted 
"mnned~y.mto Lhebroader analysis; thereason is, that,the~ models usually 
assume ~ y  or Pareto-optimali~, whereas a m ~ e l  like the one studied 
in section 3 permits coalitions to break down ,with the cons~uence that 
potential gaiw ,are not ~ . s  The concluding discussion in Aumann's and 
Dt~.e's paper also contains several other considerations which are of interest 
in connection with the weu~t paper. 

-~ln their concluding section Aumann and Drb~ briefly consider a small three-person g ~ e  ~n 
w h~_ they find:i~ ~ ~hat.:two playcws:fonn a ~ t i ~ n ~  excmdi~g.~-third, even ~ the 
total outcome _ m ~ i ~ ~ I t  ~ to ~ , ~ t -  ~ e ~ P  le and the intuitive arguments 
gtwa m ~ :#itl~,~tiitin-..aieeiy wilh: tlm ~rmfilation of mix~ ¢0operative/no~- 
coope~,ative games as formulated inthe preumt paper. 
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A special branch of ¢conomL~ which has developed tools and ideas which 
could be related to the mix¢~_ COOl~rative/non-cooperative game of this 
paper is the 'economic theory ~f clubs'. A reo~nt survey is provided by 
Sandier amd Tschirhart (1980), This theory is concerned with the formation 

coalitions for the provision of public goods which are not public in an 
a ~ l u t ©  sense, but which beyond a certain point provide the members with 
less of utility when the number of members increases. There is therefore an 
~ n o m i c  reason for establishing coalitions which are smaller than the grand 
coalition of all players. In this ,heory the formation of coalitions is an 
endogenous element in the theory. The mechanism is, however, different from 
the present model. When the theory of clubs is formulated in terms of game 
concepts, one usually introduces a characteristic function which is not super- 
additive. The property of act being super-additive reflect~ the fact that 
smaller coalitions that the grand coalition may be most efficient in providing 
the public goods. The use of non-super-addit;ve characteristic tunctions 
requires special imerpretations and may seem. somewhat artificial It is 
possible 'that a reformulation along the lines of a mixed cooperative/non- 
cooperative ga:ne might be worthwhile. 

Recently Guesnerie and Oddou (1979) have provided a s'.udy of 
cooperative games with ch~.racteristic functions which are not n~;cessarily 
super-adcLitive, inspired by ti)e theory of clubs. The brmation of a coalition 
structure is endogenous in ~he model. However, in contrast to th,: present 
theory, they make it clear that ti~e reason for the partition into a coalition 
structure is that "efficiency may require that the grand coalition N breaks 
down'. In our case the 'grand coalition' may break down because of 
incompatible claims, and the partition which then occurs may result in an 
inefficient solution. 

Referring to tt,e possibility of nov-super-additive functions, the claim 
function R(S) or R(S*iP) introduced previously in this gaper may t:ail to be 
super-additive even if the underlying characteristic funct]oa v(S) or v(S I P) is 
super-additive. But, in our case, if the grand coalition breaks down because 
the claim function R is not super..additive, then this will prevent rather than 
promote ,,=fficiency as measured by the actual total payoff. 

Finally it sh.mld be observed that the use we have made of the oui,=ome of 
a non-c~ooperative game as a reference for the definition ~t' the characteristic 
function in section 3 is not entirely alien to the yon Ne,~mann-Morgenstern 
theory of games° Von Neumann and Me.rgenstern defined 'he characteristic 
function on the basis of a description of the game where t;~e ~trategies were 
explicit, in contrast to many later expositions in which ~'ot.e charactfristic 
functiop~ is :;tipulated directly, ~nd they referred to ,.'re game betw,.'en ;~ 
coalition and the complementary coalition in me d,~finifio~t o~ the 
characteristic function. Furthermore, yon Neumann zad ~[orgenstern have 
several ideas on 'compo~itior: and decompositi:~n of ~ar~es' which may 



~ ~  .~,qe,:~su~--,: ~ ~ . - . t h e :  authors state ~ a t ,  ~in.-,.oUr~ theo~ ~ ~all 

as. s p ~ : i a l - - . ~ - . ~ : ! l ~ . - d ~ t i ~  i,~ in sOam respects ,similar to 
the ~ i t i o n ~  of ~ma.bifi. '~::~~.i;ibyi:,LU~ ~ . R a i f f a :  (!958), but is 
n e r O ;  different ~ w e  ~mnsider a ~ ~ ~ a S w / n o ~ o ~ v e  

,As bci'ore a solution ..is a p a i r  (xtP), where P is a coalition structure 

'T'ne first t,hing which must be specified is which coali.~o~.~.~at .can .~be 

s* is an dement of ~(~ s* ~:~(e~. (A.~) 

Now su~l~ ~y~ inS* Con~plat¢ fo~g a coalition: Whatthey 
would ex~,:e:~ to 8mu-ty:t~:'~~ ~' ~3n Wh~t~:"tl~ey~t~nk~11he Coalit[.~n 
s ~ - o f  ~ ~  o u t , d e  $ * : ~ t  ~ I ~ ~ - W h ~  .~ $* ~s 'establiShed. ~t:  this 
be defined by the function,S*P), elefined for every P and e~,ery S*e~,(;'). 

Consider:an i,.,iti~'~fliti~:struc, ture Pand suppose tha ~. members 
of S*, whc~e S* ~/(P), contemplate forming a new coahtion. TI~en 



members of S* believe that a new cc&ion stracturc P* will he 
formed (where S* is one af Gle coalitions B P*),.and we write this ae 

,: 49 WC@*, P). 64.21 

Condition (a). Each coalition Sk in P receives a total payoff given by 

(A3) 

Con&tim (/?9. Let ti(P9 and n(S*, P) be define{, as given by (A. 1) and (h.2). 
Then for each Sk con*&ning more than one player we have for all feasible 
sub-coalitions of Sk, i.e., for all S,* which are such that S,* c Sk and S,* E $(P), 

Condition (7). For every coalition S* which can be formed irom P, i.e., 
S+ r+(P), and which contains members fro,m at least two of t!le coalitions 

Sl , . . _, SK constituting P, we have 

In this .definitioa we, have, as in the cass of the simpler and more special 
definition in the text in section 3, Minguished between an internal viaMit.y 
condition, (#?), and a sort of external stability condition, (y). Et apwas horn 
the formulations above that we couhi subsume conditions (/I) xnd b) under 
one joint formulation. However, si;lce they refers to solmewhat c!ifferent 
considerations, considerations which are Internal versus external with respect 
to an initial co&.lition, it is conv;lnient to distinp;nish between them. 
Furthermore, if we should introduce aggressiveness in&? the situation, as we 
did in slxtion 3, then we have to kezp the two kinds of conditions apart. 
Aggressiveness is relevant in connection with condition (8) since we assume 
that it is icmg a pure sub-coakition within a coditicm which can rtio.: claims 
in the total payoff of the coalition, Thus aggressiveness should be aj:)pended 
to condition (A,$) just a-; we hz~ve done in the earlier sectk~n,i, whik 
condition (A.5) should be left uuaffeqzted. 



~ W ~ o m : ~ ~ ~ ; ~ ~  ~- in ~:he d ~ t i o n  :in ~-~ction 3 ~ and the 
va~iems~n~dific~tions~sUf,~gested there c~m now be seen a s , s ~ a l i z a t i o n s  of 
the defini~&~n now giwn. Various s[ecifications of the functions q/and r, give 

TO :~~4.WO::~s ~d~a~wi:~tio~*~are-~abte ~to :consfitLtte 
t lgm~ves:  O) c o a l i ~ m w . i ~ h  are s ~ ~ c ~ : ~ ~ t i o ~ i ; ~ i S t . ~ i n ~ t h e  
initial c o i t i o n  ~ ; : t ~ r e  P , :and (2)-.:coafitions wl~,k!~ can be formed by 
~ g  t w o • ~ t i e ~ e  . . . . . .  . . . . . .  = ...... • - ......... . . . . . .  m ~ ongmal  ~ ~ ~ U ~ ~ P ~ :  ~ s ~  the 
~-function for t ~  s p e l l  case.- ~:~ ,~:~ .~: :• ::~--- . . . .  

Next t[me is the role of the function ~,(S*,P), wl~ich specifies what 
coalitk~.n~- :S*, ~ . . b e h m g s  to-h(P),  be~-:Vef-*will .~/:-:the new coalition 
s ~  ff S* constitutes itself as ~ coalition. In the special definition we 
have - . 

x(S*,P)=($o...,S*$t\S*,...,$x) for $*=S,,  

=(,%.,...,$j u $~..., S ~  for $*=$j,oSk, 
(A.6) 

where the first lfi.-~ is me,ant to suf$;est the partition :where no other ctlanges 
kave taken c:~ce than the s ~ g  of an initial coalition S~ into S* and 
S~'xS*, ~ ~ second line'is ~ t  to s u ~ t  the coalition structure where 
no other changes, have.:taken p l ~  ~han the joining of Sj and St. Since there 
a~'e no other types of S* in q/(P), this specifies the function ~c(s*,e) 
cc~mpletely in the present case. 

A s~ight complication will be taken up in a moment. 
Various m o d i l ~ m m  ~ after the special definition in section 3 can 

be~seen as other ~ n s  of ~v =~:,~.iThe~;possibility ,to form new 
~ ~  c o n s i s t i n g : ~ - ~ ~ n ~ , ~ t w O  ini~.::coalitions is an obvious 
e x t c n ~  ~ the  # . ~  ~ ,  : ¢ o ~ o n ~ w i t h  ,the ~numerical e:~ample 
towards the:cnd ~ ~ ~ 3  " . . . . .  • " ' "  we mtroduc=~41m ~posmbtfity t h a t  new coalitions 
c o . : b e  formedby aplayer ~ g ! f r o m  one :~ ~ i ~ o n  ~ joining another 
player c~riginat!y ~,ot in the same coalition. * This Would be another type of 
~ m g e  inthe ~L'-function: tn ~(P) there: would now l~," coafifions consisting of 
phye~ from diff~rcnt, original-c~mfitiOnS, 

We have aL~ on some_= ~ n s  touched, upon the question as to whether 
mc~nben of a po ten l~new coalitionS* wou~d believe the coali~on structure 
for the players ant :involved in S* to remain unaffected by the formation of 
S* (asf l teydo in the definition m:tlae special ~ e ) .  For instant ;  when a sub- 
coalition:of ~ b ~ : : ~ m t - o f i S t ~ t h e n  i t  mi'ghtbefieve that • also the 
re rm~ng St,\S* di~ntegrates in some Way, or the players in  S* might 



L. Johmtsen, TF~ core as a solution in cc operative gmne theory 33 

behave as if they assume that the worst possible coalition structure for the 
remaining set of players would be established. Si)eh modifications mean 
different formulations of the function n(S*, P). 

In concluding this part of the appendix, we must return to a 'complication' 
hinted at above. It refers to the supplementary statement made in condition 
(e) in the definition in section 3 about the viabifity or non-viability of the 
coalition structure P~ which emerges when Sj and Sk merge. This statement 
means tha t  condition (A.5) does not apply for potemial coalitions S* when 
the coalition structure on the second line of (A.6) is x~ot viable. This element 
of t h d : ~ n i t i o n  can be taken care of through the specification of the 
function ~(P): We can simply say that if some S* =,,"j u Sk implies that the 
struCture (St,...,$i~Ss,,,..,Stt) is not viable according to the internal 
conditions in each coalition (i.e., ea~nnot satisfy at ar, d ~), then S* is excluded 
from ~b(P). 

As this condition (c) in the first formulation in the definition in section 3 is 
perhaps somewhat dubiol:s, we suggested an altelnative by condition (c'). 
This  formulation of the condition could also be taken care of by the 
specification of ¢(P). 

The formulation of cor~dition (c) was crucial fcr the question about the 
existence of a solution. In eonn,~etion with the general definition given in this 
appendix not all conceivable specifications of the functions ~ and n would 
ensure the existence of a solution. One could thep ensure the existence of a 
solution by adding a conditio:a similar to condition (d) in section 3, to the 
effect that if no other coalition structure can prodvce a solution satisfying 
requirements (a), (/:T) and (~), then the fully non-cooperative case is declared to 
be the solution. Whether this ~s a reasonable thing to do, is of course not a 
matter of formalities, but a question which must Ue settled by reference to 
the realities which the model is meant to represent. 

Appendix B: Some technical notes 

This part of the appendix offers some mere technical notes on the 
structure of solutions and problems of eoml:uting sohttions. 

The basic element of computations for finding solutions of the types 
outlined in the main text ~¢ill be computations of cores. The finding of an 
ordinary core is a linear programming problem of a special form. In the 
notations used in this paper an ordinary core is defined by the following 
requirements: 

~NXi=V(N), 
(B.1) 

~,sXi > - v (S )  for ever,: 5 c N. 
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Fig. 3. IllustratJ,on of the constraints det~aing ff.e core and mired sdutions in a three-person 

game. 

If coop¢ration in the coalition { 1,2} should also break down, then the fully 
non-cooperative solution wil~ be realized. This is ~epresented by point Q in 
~he figm ~. 

As art illustration of a mixed coop~:rative/non-cooperativ¢ game fig. 3 is 
somewba~ simplified. For instance, th~ value v(3) which is relevant f,,r the 
lhnitati,:.~ of the core in the: c~se of a flflly cooperative solution would 
(aeeordi0g to the specia't case det?niti(,n in section 3} be vf3} {i,2},3), while 



have the folio "wing-con~tions: 

xs, 

.: fordetmmiz~g x ,  n t ~  ~ g y  non. 
L2,3~ and similarly for ~! )  and ~2). 

Theae ~ ~ ~  m o d ~ f i o n s  . . . . . .  could be entered into the diagram. 
We eonelu~ with ~ m e  ~ggesfions for ¢.~culat~ons of fit* solut.on of 

mixed t i ~ ~ a t i v e  g a g  TM: k¢:y element a s .h a 

=(St . - - . , ~ : - , . ,S~ i  m ,  ~ ' ld  ~ a solUtiOti~/~t::~ I ~ the  ~ g e n i a l  defiwtion 
#yen in ~ A ef ~ .  ia~dix: ~ ~m function~ ¢(P):~d n(~,P) are then 
given. ~ ~ ~ ~ : ! t o  :~e  ~on~ditiom ~ , t~  for the:ordinary core we now 

k =  

for each IN~isuch t~at (B.3) 

S~cS;, and S*¢¢(P), k= 1, .... ,K, 

Z - if* ~ t ~  ]1dS*,P~- for each S* sueh~i~t 

s , ~ ( P )  and . $ *  'containsmernbers from mo~. than one of the 
coalitions St,. Sg. - ~ .~ ~ ~" ' . * * l i t  - ~ - . .  , • " 

For a given P the ldght.hand side in all" ~ifions~::~:::'~i~) are given 
magnitudes. The problem is ~ t h e r e f o r e a ~ a  prob l~  Of finding out 
wlmtlan" there exists a so lt~iono~to a system of linear ,equations and 
inequaliti~ but a songwbat more comphcated system than the one for the 
o r ~  oore. 

One way to approach the problem of finding a solution to (B.3) by means 
of linear programming would be to~-r6pla,:e the equalities on the first line of 

- : f / . ~ " . .  

OB~) by s 

~md ~ / ~  t_~ Sm~.~Y~~,~xi.~tl~m~al~ value o f y  be y*, 
Then a solut~n to 0t.3) existsif ....... 

K 

k.ffi t 

wluqe no solutio~ e~J~,~ if 

.,E 
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This linear programming problem ha~; a special structure. The variables 
xt,...,xm ~Lre divided into groups corresp.mding to the partition P. For each 
S~ the conditions on the second line ,>f (B.3) for the given k and ,~he 
corresponding condition in (B.4) are internal constraints in the group define," 
by 8,, w~ile the constraints on the last line of (B.3) are 'global constraints, 
invol~ng variables from different groups. This means that the system should 
lend itself naturally to solutions by means of decomposition methods of 
'Jnear program~ng. 

If we have aggressiveness with corresponding claim functions in the 
problem, then this would only modif~ the right-hand side on the second line 
of (B.3). The form of the programming problem would be unaffected by this. 

Having a method of finding whether or not a solution exists for a given 
partition P, one could approach the problem of finding a solution to the full 
game, including the unknown partition F, in various ways. One possibility is 
to test first the possibility of a solution involving full cooperation. If such a 
solution does not exist, one could test all possible ways of partitioning the 
players i,nto two coalitions, and so on. The other obvious possibility is to 
start from below, checking first the fully non-cooperative case, and next 
move on~ to the case where two players fcrm coalitior~s, and so on. If one ;~ 
not satisfied with finding one solution, one would have to trace through very 
many coalition structures, since the existence of a solution at one level of 
cooperation does not preclude the existence of solutions also with other 
coalition structures. Even with a moderate number of players, the task of 
finding all solutions may therefore be a very big ~ask. It would perhaps be 
possible to find iterative methods by which one would not n,~ssariiy have 
to check all coalition structures, for hastance by observing ~t ~ach step which 
constraints that are the effective constraims, and then choosing the next 
coalition structure to be tested in the light of this ini'oqnation. It might also 
be possible to establish rules such that if one coalition structure is found not 
to qualit~ as a solution, then immediately s~verai other coalition structures 
are also ruled out. However, it is beyond the scope of this paper to go 
further into the computational problems. 
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