ECONOMICS OF PLANNING
Vol. 3, No. 2, September 1963
Printed in Norway

Labour Theory of Value and Marginal Utilities'
By
Letf Johansen

University of Oslo

L. INTRODUCTION

In a recent article [4] I commented briefly on the relationship between
the Marxist labour theory of value and the theory of marginal utilities.
I quote from the article:

“The Marxist labor theory of value has been the object of attacks
particularly from the point of view of “marginal utility theory” or
“subjective theory of value®, which has been a main component of
non-Marxist mathematical economics. Marxists have usually rejected
this whole theory and all concepts and mathematical arguments in-
troduced in connection with it, as if acceptance of it, or elements
of it, would necessarily imply a rejection of the labor theory of value.
However, this is not so. For goods which can be reproduced on any
scale (i.e. such goods as have been the center of interest of Marxian
value theory) it is very easy to demonstrate that a complete model
still leaves prices determined by the labor theory of value even if
one accepts the marginal utility theory of consumers’ behavior.
In my opinion, such a combination may give a very precise meaning
to the Marxian thesis that the value of a product is determined by
its labor content, provided it has a use value.”

Since then I have received several letters asking me to substantiate the
contention contained in the paragraph quoted above. The following is an
attempt to do so.

A suitable starting point for such an attempt is the by now familiar
input-output analysis. The similarities and connections between the price
theory of input-output models and the labour theory of value have been
pointed out e.g. in Burgess Cameron [1], Michio Morishima and Francis
Seton [5] (see also [3]), Jacob T Schwartz [6], and by the present writer
in [2]. On some points the presentation which is to be given here is in-
fluenced by Schwartz’ analysis.

* The present article does not deal explicitly with problems of economic planning.
Nevertheless, we think the article will be of special interest to economists studying
and working with the theory of centrally planned economies. The Editor.
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90 LEIF JOHANSEN

We shall in the following restrict ourselves to considering static models
describing what is called in Marxian theory simple reproduction. I think
this suffices for an elucidation of some of the basic problems of price and
value theory.

. THE PARTIAL PRICE MODEL

Let us first consider a bare input-output model where no utilities and
demand functions enter. Production is considered as a flow, i.e. we con-
sider output volume per unit of time. There are # commodities denoted
by A,, A,...Ay. Other notations are as follows:

aj; = the amount of A; used up in the production of one unit of 4;.
It includes wear and tear on equipment.

fs: = the physical stock of 4; which is “tied up” in the production
of A;, per unit of 4; per unit of time.

yi = the amount of (homogeneous) labour used up in the production
of one unit of 4;.

We assume that aj;, f;; and y; for 7, § = 1. . .n are technologically fixed
coefficients. This is a standard assumption in input-output theory and it
also conforms with the assumptions underlying the simpler expositions
of the Marxian labour theory of value. In particular the coefficients are
independent of the scale of production. (Cf. the expression “goods which
can be reproduced on any scale” in the above quotation.)

P; = the price of A;;
w = the wage rate (in money terms);
¢ = the rate of profit.

Assuming homogeneous labour, we have only one wage rate. Further-
more, assuming competition to prevail, and studying only equilibrium
conditions and not fluctuations, the rate of profit will be the same in all
branches. The price of 4; will then consist of three components: First,
expenses on material inputs per unit of 4; which are 2Xj P; ay; second,
wage expenses which are wyq; and third, normal profits on the capital
stock. The value of the physical capital stock tied up in the production of
A; per unit of product (per unit of time), is in terms of prices, 2y Pj s ;
the amount of profit on this per unit of output of A4;is accordingly
02 P; psi. Furthermore we shall assume that the producers must also
hold an additional capital, as advances to labour, which is proportional
to the wage sum per period. For simplicity we shall assume that the
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factor of proportionality equals unity.! Then an additional profit com-
ponent equal to pwy; must also be included in the price.

From this we obtain the following system of equations for the price
formation:

1 Pi= % Py +wy; +e(wyi + X Pify) (@=1...n)
i=1 j=1

This is a system of # linear equations in the unknown prices P;. . .P,,
if we, for the moment, consider @ and p as given magnitudes. Under
plausible assumptions about the coefficients which enter the formula,
this will determine the prices. (Compare e. g. Jacob T. Schwartz [6],
lecture 3.) We may therefore draw the following conclusion: If the wage
rate and the profit rate are given, prices are determined completely by
the coefficients ay;, By and y; which reflect the technology of production.
If marginal utilities should affect the prices, it must therefore be through
the wage rate and profit rate in an extended model where these magnitudes
are no longer considered as determined by factors “outside the model”.

The role of the wage rate is, however, a restricted one. The wage rate
(in monetary terms) does not influence the relative prices. In fact, we
could divide through the equations in (1) to get

Py

j=1 W

R

P,
(%) aji +yi +e(yi + X =L Bn).
=1 W

w

Once the rate of profit g is given, this would determine all magnitudes
%. . .%‘, i.e. all prices relative to the wage rate. Any change in » would
cause only a proportional change in P;...P,, and the relative prices
P;/P; would remain independent of .2 Therefore the interesting factor
through which prices could depend on marginal utilities, is the rate of
profit. This possible dependence of prices upon marginal utilities is a
rather weak and indirect one. If we consider the space of all relative
prices, shifts in marginal utility curves can at most generate a one-
dimensional variation in this space, and the price of a commodity will
1 If the factor is the same for all sectors, this is only a matter of choosing the length

of the time unit.

2 Instead of assuming w to be given in monetary terms, one could introduce a com-
modity, say No. 1, which serves as money. Then we should have P,=1, and w would
be one of the “prices” to be determined by the equations in {1). This would correspond
to some of Marx’ considerations on money. The problem of how to determine the

nominal level of those variables P, ...P, and w which are expressed in monetary
terms, is however not important for the following analysis.
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not change in any obvious and simple way as a result of a shift in the
marginal utility curve of that particular commodity.®

In a special case the relative prices would be independent of the rate
of profit p. This is the case of “equal organic composition of capital”.
This assumption can be interpreted and expressed in different ways.
Let us first express it by requiring that the value in money terms of
physical capital in proportion to the total capital held should be the
same in all sectors:
2) 2 Pyfp = Mwyi +2 Py By) (i=1..m)

i= j=

in which 2 is independent of z. In this case (1) reduces to

(3) Pi=3 Pyag +(1 ) oy (= 1...n).
j=

It is well known from Marxian economics that prices should in the
case of equal organic composition of capital be proportional to the labour
values of the commodities. Let us now check this.

The labour values (expressed in units of labour) will be denoted by
01, Qs - 5 On.

The amount of labour used up directly in producing one unit of A4; is
yi. The amount of labour used up indirectly through the inputs from
other sectors is 2 Oy aj;. (Remember that wear and tear are included in
aj.) The total amount of labour contained in one unit of A i.e. the
labour value of A; expressed in units of labour, is therefore

*) Qi=vyi +X Qjaz (f=1...n).
j=1

On the usual assumptions about the input-output coefficients, this
system has a unique (positive) solution.t

It is now easy to demonstrate that the prices P;. . .P, which solve the
system (3) will be proportional to the labour values Q,. . .0y, which are
determined by (4). For this purpose, let us write

(5) P; = ¢Q; (i=1..n)

where ¢ is a factor of proportionality. Let us insert this in (3), to yield

3 See Jacob T. Schwartz [6], pp. 188 and 196-97.
4 For interpreting the concept of labour values it may be of some interest to observe

that the equation system (4) is the same as (1%¥) (with % ... 1;-—"— as variables), if =0,

i.e. if there is no profit on capital included in price.
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#i=9 X Osan +(1 +15) s (G=1..n),
or

P(Qi ~X Q5 o) = (1 +1%1)w7’i (=1..n).
i=1

Since we have, from (4), O; — 25 Oy ays = y;, we see that P,. . .Py in (5)
satisfy (3) if the factor of proportionality ¢ is

©) p=(1+15)w.

By (2) we expressed the assumption of equal organic composition of
capital in money terms by means of the prices P,. . .P,. We might also
express the assumption by

() é Oy B = 1'(_5‘.1 Qi + i) (i=1...n).

The condition (7) is equivalent to (2), both being necessary and sufficient
for the prices as obtained from (1) to be proportional to the labour values
as obtained from (4). The measures for the composition of capital in (2)
and (7) are, however, not necessarily equal, i.e. A’ is generally not
equal to A.°

By means of the concept of organic composition of capital, we can
develop a simple correspondence between the rate of surplus value and
the profit rate. In monetary units the profit in branch i per unit of output is

(8) Ty = Pi— Pj aji — Wy4 (1 =1.. n)
=1

7

Denoting now by 4; the organic composition of capital in branch 7, we
have corresponding to (2)

©) .21 Py By = A (wVi+Zle Bi) (i=1...n).
J= J=
Using (1), (8) and (9), we obtain the following relationship between

® In chapter IV we shall introduce the concept of value of labour power, denoted by
Qr. . Using that, we could instead of (7) write:

lQi Bu=A" (EIQ; B+ Orve) @E=1...n).
j= i=

With the formula for Qg given in chapter IV, this would again be equivalent to (2),
and we would have ' =2,
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profits as a proportion of the wage sum, the rate of profit and the organic
composition of capital:®

i _ @ .=
(10) B s T 1k (F=1...n).

- It may finally be of some interest to consider another case. Let us
assume that fj; = ay;, i.e. that the physical capital tied up in a sector is
equal to the consumption in one period of each input. I think some
assumptions occasionally made by Marx in Capital can be expressed in
this way. Then (1) can be written as

(11) Po=(L+0 (X P futwn) (=L

We now let the organic composition of capital vary as between sectors,
as in (9). Then

(12) Pi=(1+yp) F=1...n).

1k
It is seen that there is in this case a simple relationship between the price
of a commodity and the organic composition of capital in the branch,
the price being (for a given y;) higher the higher the organic composition
of capital. This may be of interest in interpreting some propositions in
Marx’ Capital. However, it should be remembered that A; is itself calcu-
lated by using the price structure, and is therefore not a purely technical
characteristic.

III. A REMARK ON MACRO-ECONOMIC RELATIONSHIPS

Before we extend the model presented so far, let us consider briefly
some implied macro relationships. We must then first introduce a symbol
for the output of each branch: Let it be X; for branch No. i.

Total wage income will then be

(13) W= wE" yi X; = wh,
where N is now total labour inp':tl.

Total profits will be
(14) =3 @, —]}i:le ags = wpi) Xi.

¢ Formula (10) corresponds to the formula given on p. 68 of Paul M. Sweezy [7].
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From equation (1) it appears that this can be written as
(15) H=¢% (writ X Py Bu)Xs = oK,
i=1 j=
in which K now is total capital held in monetary terms. Using (9) we
can further write this as

(16) ; wyi Xi,

’L

If we define a certain average organic composition of capital 7, (16)
can be written as

wiN w
(17) Hzg—l—ﬁzg—l—ﬁ'
The precise nature of 7 is given by the relation
=1
1 £§1 1-J4 i
(18) — == ,
-4 Y v Xy

i=1
i.e. the complement of 7 is a weighted harmonic mean of the complements
of the organic composition of capital in the different branches.

From (17) we have

(19) £ —

This corresponds completely with equation (10) for the individual
branches. Comparing (19) and (10), we see that the ratio between profits
and wages in a branch is higher than the same ratio for the economy as
a whole when the organic composition of capital in that branch is higher
than the average, and lower when the organic composition of capital is
lower than the average. If the organic composition of capital is the same
in all branches, the ratios between profits and wages in the different
branches (u;. . .u,) will all be equal and then, of course, also equal to the
same ratio for the economy as a whole. From this it appears that the
special case of equal organic composition of capital is both convenient
and relevant when one wants to study problems of a macro-economic
type, and in particular the distribution between profits and wages which
is at the center of Marx’ analysis. As is well known, many students of
Marx interpret Volume I of Capital, in which this special assumption is
often made, as an attempt mainly at clarifying problems which in our
present terminology could be classified as being of a macro-economic type.
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If the organic composition of capital is equal in all branches, we have
seen that prices are proportional to values. The u introduced above,
which is then g = p; = ... = u,, can then be interpreted as the rate of
surplus value. This will be further clarified in the next chapter.

IV. AN EXTENDED MODEL WITH MARGINAL UTILITY FUNCTIONS
FOR THE CAPITALISTS AND FIXED CONSUMPTION REQUIREMENTS
FOR THE WORKERS

We have now satisfied ourselves that the price equations (1) embed
the main assumptions of Marxian price theory and also bring out many
of its conclusions. We shall next see how these equations can be combined
with other equations so as to form more complete models. In particular
we shall see how they can be combined with marginal utility functions
without running into logical contradictions.

We shall first consider a2 model in which there are defined some mini-
mum quantities of the different commodities which are necessary to
“reproduce the labour power”, and assume that wages are just sufficient
to buy these quantities.” In this sense the workers receive wages cor-
responding to the value of the labour power. Capitalists, however, enjoy a
higher consumption per head than the necessary minimum. They are
therefore in a position to weigh against each other marginal quantities of
the different commodities, and we shall now assume that they do this so
as to maximize a utility function.

Let the quantity of the j'th commodity which is necessary per unit of
labour, be #;. The wage rate must then be

(20) w= f Pj n;.

i=1
The consumption of each commodity by the workers is
(21) C'=mN=nY X (f=1...n).
=1
For the capitalists we shall for convenience proceed as if there be only

" In Marx’ analysis this “necessary consumption” is, of course, not determined simply
by physical or biological necessity. It is changing in response to changing technical
conditions, social conditions, class struggle on the distribution of incomes etc. But
these are slow and gradual changes, and cannot be subjected to analysis in such com-
paratively simple terms as other aspects of the mechanism which determine the prices.
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one representative capitalist who consumes the quantities C?...C}8.
These quantities are determined by the maximization of a utility function
(22) Uecs...C;)
subject to a budget constraint
(23) Y P Ci=1I.
i=1
Defining the marginal utilities by
oUe(Cs...Cy)

(24) u (Cs...CHy= oCt (f=1..n),
we have the following maximizing conditions:
25) u‘l’(CfoL)::u,cz(Cfo,)

P, Py

These together with the budget equation (23) determine the consumption
demand of the capitalist as functions of the profit sum and the prices.
We are now in a position to collect all equations of the model:

(2) Pi=):1P1 aitwyi +owyi+ X Py fu) (E=1...n)
i= i=1
(b) w=3 Py
J=1
() Cl-"=m.>:1w X; t=1..n)
fm
@ ul(CS...CY) o uy (C5...Cp)
B et e b
() 2=Y (Pi-T Pjaji— wy))X; [ =3 P;C°]
i=1 =1 i=1
j=1

All these equations are introduced previously, except for the last set (f).
These are the usual input-output equations with C; + Cj as the “final
demand column”, which is, however, endogeneous in the present model.

One might ask whether the budget equation (23) for the capitalists
should be introduced in the model as an independent equation. This

8 It would only require some heavier notational equipment, but no change in reasoning,
to develop the model with a number of capitalists who gain profits in proportion to
their shares in the total capital in formula (15).
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equation is however already implied by the equations in (a—f). This can
be seen by multiplying first (f) by P; and summing over z. This yields

YPXi-Y ¥ Pioy X;-Y PiCY=Y P; C°.
i i=1 1=1

i=1 i=1j=1

Interchanging here 7 andj in the double sum and using (b) and (c), we get

Y (Pi-Y Pjoji—wy) Xi =Y P; C°.
i=1 j=1 i=1

By the first equality in (e) this is now seen to imply (23). We have,
therefore, only indicated this equation in a bracket after (e).

In the model (a—f) there are then 4n 4+ 1 equations and 4n + 3
variables: Py... Py, X,... Xy, CY...Cy, C1...C}, o, 1T and w.
Apparently there are then two degrees of freedom in the model. However,
as explained earlier, the variable @ does not play any interesting role in
the model. We could divide through all equations (a), (b) and (e) by w
and multiply by @ in (d), thereby obtaining a system with only 4n 4 2
variables Py jw...Pylw, X,... Xy, C7...Cy, C{...C, o, ]w.
Then there would be one degree of freedom left.® The reason for this is
that we have not introduced any condition which determines so to speak
the scale of operation of the economy — the level at which the “constant
reproduction” is taking place. This degree of freedom could be eliminated
for instance by assuming a given total amount of physical capital somehow
measured. The point is not important for our main problem, and we shall
not go deeper into it.

The most important property of the system (a—f) in the present context
is that the set of equations (a) and (b) form a determinate subset of equa-
tions except for the fact already pointed out that there is an arbitrary
factor of proportionality in the set of variables Py, . . ., Py, w. This means
that also the rate of profit p is determined by this subset of equations.

The way in which g is determined may be clarified by inserting for w
in (a) from (b). This yields the following set of equations in P, .. ., Py
and g¢:

(26) P; —.):1 Py [asi +n5 ps +0(ny v + Bi)] = 0.
P

This system is linear and homogeneous in the variables P;. . .Pp. It has
a solution with non-zero prices if and only if its determinant equals zero:

® The same thing could, of course, be obtained by dividing by any of the variables
P,. . .P, and II instead of w.
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l-gn—-ohy ..... — 8&n1—~ 0hmy
(27) . ) =0
- gl’ﬂ - thn ..... 1 gnn thn
in which
(28) gri=oap +nyyi and hy=n;y; 4 Py

This condition is an equation in the unknown g. Mathematically it will
in general be satisfied by a set of different solutions for g, but one may
reasonably conjecture that only one of these will be economically
meaningful.

With the assumptions introduced by (20-21) it is possible to define
the value of the labour power which is used in production. Per unit of
labour expended the “inputs for reproducing the labour power” are #;. . .5
units of the different commodities. The total value used to “reproduce”
one unit of labour, which is the definition of the labour value of the
labour power, is accordingly

(29) OL= Z Q171

in which Q,. . .0y are determined I Dy (4)

In order to compare our presentation with Marx’, it is of some interest
to consider the definition (29) more closely in the case of equal organic
composition of capital, which is, as we have already observed, a parti-
cularly convenient case for macro-economic interpretations of the model.
In that case there is a simple correspondence (5) with ¢ determined by
(6) between labour values and prices. Expressing the values Q.. .0y in
terms of prices and the wage rate by means of (5) and inserting in (29),

M n
we obtain Y Py

— j=1
O =

- .
(1 +ﬁ)w

1 Compare Morishima and Seton [5], p. 207, where a mathematically rather similar
system is investigated.
The condition (27) can be rewritten in another form which allows a formal interpreta-
tion. First write (27) in obvious matrix notations as

(7% |a-g)-en|=0.
Assuming that (I-g’) is non-singular, we can write this condition as
(27%%) |-g)-2n -5| = o0.

From this form it appears that 1/g is 2 latent root of the matrix (I-g")~ 1 &',
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However, using (20) or (b), this reduces to

1
(30) 0, — ——
1+913

Using furthermore the relationship (19) between the rate of surplus
value and the profit rate, and using 1 instead of 2 since the organic com-
position of capital is assumed to be the same in all branches, we have

1
(31) 0= T
It may perhaps be more interesting to solve this equation for u to yield
(32 pe S
YL

In this form the equation says that the rate of surplus value is the ratio
between the value created by one unit of labour, i.e. unity, in excess of
the value of the labour power itself, and this latter value; or, in Marxian
terms, the rate of surplus value is equal to the ratio of surplus labour to
necessary labour.

After this digression, we return to the study of the whole model (a—f).
We have seen that the profit rate ¢ and all proportions

P, :P,:...:Py:w

are determined by the subset (a~b) of equations in the model. This means
that the marginal utilities which enter the model through (d), do not at
all influence prices. What then is their role ? Their role is to determine
the quantities of the various commodities consumed by the capitalists.
Thereby they influence the extent and composition of production. They
will furthermore, through (c), influence the total labour input Xy y; X;
and the scale of production for the consumption of the workers.

Briefly stated: Prices (including the wage rate) are — except for an
arbitrary factor of proportionality ~ determined by technological condi-
tions as expressed by ay;, ¥4, S and the consumption requirements for
the “reproduction of the labour power” (1;). The marginal utility func-
tions interact with the prices thus given only in determining the quantities
to be produced and consumed of the different commodities.

The above is of course only a description of an equilibrium situation.
As such I think our results conform very well with some statements by
Karl Marx in Volume IIT, Chapter X of Capital, where he first discusses
the price formation and then adds that “for a commodity to be sold at
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its market-value, i.e. proportionally to the necessary social labour con-
tained in it, the total quantity of social labour used in producing the total
mass of this commodity must correspond to the quantity of the social
want for it, i.e., the effective social want.” Other quotations from Marx
in the same direction could be given.*

For a commodity to be produced at all (X;>>0) and obtain a price as
determined by (a—b), it is necessary: (A) either that it is a necessity for
the workers (77; > 0), or (B) that it for some quantity C{ consumed by the
capitalists has a sufficiently high marginal utility #3 to allow the fulfil-
ment of (d), or (C) that it directly or indirectly through the a-coefficients
enters into the production of one or more commodities which satisfy (A)
or (B) or both. In this sense we can say that the price of a commodity in the
model (a-f) is determined as said by the equations (a-b) provided that it
has a use value?

V. REMARKS ON A MODEL WITH MARGINAL UTILITY FUNCTIONS
BOTH FOR CAPITALISTS AND WORKERS

In the model in chapter IV we employed the assumption of fixed con-
sumption requirements for the workers. We might, however, construct
a model in which also the consumption of the workers is determined by
marginal utilities. The model of chapter IV may in fact be considered as
a limiting case of such a model.

Since the full exposition of such a generalized model will entail many
repetitions of what is already explained in previous sections of this
article, we shall here only give some brief suggestions.

For the construction of the generalized model we could interpret N
(see ch. IT1) simply as the number of workers employed. We must then
introduce a utility function for each of the workers; for simplicity they
could be assumed to be equal.

Per period of time each worker would receive a wage w, and he would
determine his consumption pattern so as to maximize his utility function
subject to the budget constraint. Instead of being determined by such
coefficients as %, .. .7y in (¢), the variables C¥. .. C¥ would then be
determined by equations formally similar to (d).

11 See Paul M. Sweezy [7], pp. 47-52.

12 If (B) is not satisfied for a certain commodity, which, however, satisfies (A) or (C),
the corresponding ratio should be deleted from (d) and replaced by the condition
Ci=0.
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The main problem which would occur in such a model is that we
would have no obvious way of replacing equation (b) in the model (a—f),
which together with (a) determined the distribution of income between
workers and capitalists as reflected in the rate of profit 9. Several ways
are open to solve the problem:

(i) One may simply consider the rate of profit g as determined by con-
ditions outside our model, by struggle between labour and capital
over distribution shares.

(i1) One could introduce the supply of labour in the model and use that
in one way or other to determine the distribution between labour
and capital, and thereby p.

(i) The solution which would be nearest to the model in chapter IV
would be to prescribe a certain “necessary” utility level for the
workers. Then the introduction of utility functions for the workers
would simply change the model from assuming a minimum require-
ment for each commodity separately to assuming the existens of
some necessary minimum satisfaction of wants which could, how-
ever, be achieved by different compositions of consumption.

Whichever of these solutions is chosen, all our conclusions from the
partial price model in chapter IT would hold. If (i) is chosen, also all con-
clusions of chapter IV would hold. If (it) or (iii) is chosen, prices would
no longer be determined quite independently of marginal utilities.
However, as explained already in chapter II, the influence of marginal
utilities upon prices would be the very indirect one through the rate of
profit g. If the marginal utility function (workers’ or capitalists’) for a com-
modity should shift, the main effect would be that the quantity consumed
would change. The price would only change to the extent that ¢ would
change; and if so, prices of other goods would also change.

As explained in chapter II, the relative prices would remain constant
even if g changes, if the organic composition of capital is the same in all
branches.

The conclusions of this chapter and chapter IV as regards the effects
of utilities upon prices and quantities, may, in terms of demand and
supply, be considered as a multi-commodity generalization of the case of
a horizontal supply curve and a downward sloping demand curve.

VI. CONCLUDING REMARKS

The present article has only been concerned with the logical question
whether marginal utility theory and the labour theory of value do nec-
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essarily contradict each other or not. I shall not attempt to discuss and
evaluate the realism of the models. Nor shall 1 discuss the usefulness of
going via value theory to price theory as is done by Marx rather than
restricting oneself to talking only about prices. Some arguments on this
point are, however, given by Paul M. Sweezy [7], pp. 128-130.

In considering the conclusions reached in the previous sections, one
should remember that we have studied only equilibrium positions. In a
dynamic study of the movements of prices, demand functions would
play a more important role. Also in the case of monopoly price formation
the demand side would be important. Both the points mentioned here
were clearly recognized by Marx, cf. Paul M. Sweezy [7], pp. 47-52
and 54-55.
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