
  Wiley and Econometric Society are collaborating with JSTOR to digitize, preserve and extend access to Econometrica.

http://www.jstor.org

Wiley
Econometric Society

Rules of Thumb for the Expansion of Industries in a Process of Economic Growth 
Author(s): Leif Johansen 
Source:   Econometrica, Vol. 28, No. 2 (Apr., 1960), pp. 258-271
Published by:  Econometric Society
Stable URL:  http://www.jstor.org/stable/1907720
Accessed: 16-10-2015 02:41 UTC

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at http://www.jstor.org/page/
 info/about/policies/terms.jsp

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content 
in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. 
For more information about JSTOR, please contact support@jstor.org.

This content downloaded from 155.69.24.171 on Fri, 16 Oct 2015 02:41:03 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org
http://www.jstor.org/action/showPublisher?publisherCode=econosoc
http://www.jstor.org/stable/1907720
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp


Ecorometrica, Vol. 28, 2 (April 1960) 

RULES OF THUMB FOR THE EXPANSION OF INDUSTRIES 
IN A PROCESS OF ECONOMIC GROWTH 

BY LEIF JOHANSEN1 

Consider a group of consumption goods industries in a process of economic 
growth. It is often assumed that the production of each sector will expand 
proportionately to the income elasticity of demand for its products. This 
simple rule may need some modification if capital can substitute for labour to 
different degrees in different sectors, and total capital stock grows at a rate 
which is different from the rate of growth of total labour input. Different 
rates of technical progress may also give rise to a need for modifying the 
above mentioned simple rule. Approximate formulas for these modifications 
are worked out in such a way that they can be applied for quantitative evalua- 
tions. Some rough numerical illustrations are offered in the concluding 
section of the paper. 

1. INTRODUCTION 

I-N ECONOMIC long term planning or forecasting it is often assumed that 
sectors producing consumption goods should expand proportionately to 
the income elasticities of demand for their products. The purpose of this 
paper is to qualify this simple rule of thumb, taking into account the 
following facts: (a) If the total labour force and the total capital stock 
available for the consumption goods sectors grow at different rates, and if 
capital can be substituted for labour to different degrees in different sectors, 
then we should expect this to have some effect upon the pattern of expan- 
sion of consumption; and (b) if technical progress is not uniform for all 
sectors we should also expect this to influence the composition of consump- 
tion during the growth process. 

Assuming a free market for consumption goods, the above effects must 
work through the influence of prices upon the direction of consumers' 
demand. 

In our analysis we shall accept the following simplifying assumptions: 
(1) we consider a closed economy; (2) we assume the sectors to be vertically 
integrated; (3) we assume constant returns to scale in all sectors; (4) we 
assume independent utilities in each consumer's preference scale; (5) we 
assume technical progress in each sector to be neutral. 

Under these assumptions we shall work out rather simple formulas for 
the above mentioned effects upon the pattern of expansion of industries 
and make an attempt at appraising their importance. This will also indicate 

1 The present paper was written during the tenure of a Rockefeller Fellowship at 
the University of Cambridge (England), Department of Applied Economics. I 
am indebted to Professor Richard Stone for encouragement at an early stage of the 
work. 
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THE EXPANSION OF INDUSTRIES 259 

how good an approximation we may obtain by applying the simple rule 
that sectors should expand proportionately to the income elasticities of 
demand for their products. 

The basic model is presented in Section 2. The formulas for the effects 
mentioned above are worked out and interpreted in Sections 3 and 4. 
Some numerical illustrations are given in Section 5. 

2. THE BASIC MODEL 

\Ve consider m sectors, i - 1,..., m, producing consumption goods. 
For each sector we assume a production function of the Cobb-Douglas type 
w?ith a neutral shift over time representing technical progress, i.e., 

(2.1) Xi A iNiyiK e?, 

where Xi is total production of good i, Ni is labour input, Ki is capital 
stock in sector i, t is time, and As, yi, Pi, and ei are constants, the last 
representing the rate of technical progress. We shall assume yi + fli 
for all i. 

We write the demand functions as 

(2.2) Xi gu (Pi, ., Pm, Y) 

where Pi is the price of good i and Y E PiXu is total consumption ex- 
penditure.2 For convenience we shall assume prices to equal unity at a base 
point of time. 

Let W be the wage rate and Q be the rate of return to (real) capital.3 
Assuming profit maximization we then obtain the familiar constancy of 
the income shares 
(2.3) WNi yipis 
(2.4) QK pi PiPiu 
where, since yu + Pij - 1, WNi + QKi - PiXi. 

WVe assume W to be constant, whereas Q may vary. The assumption 
that IT is fixed is only a device for fixing the level of prices in the model 
and has no substantive content. 

Finally we have 
(2.5) ENi - N, 
(2.6) E Ki - K, 

2 Alternatively we might have introduced the total population as a factor before 
gi, alld let gi be the average demand functions, assuming an exogenously given growth 
rate for the population. It would not be difficult to modify the followving results accord- 
ingly. In fact, we may interpret Xi, Ni, Ki, and N and K (which are introduced below) 
as per capita concepts. In that case N would only change as a result of changed 
hours of work, changed age distribution, etc. 

3 If r is the rate of interest (including a risk premium), 6 is the rate of depreciation 
and Pk the price of capital, then Q (r + 6)Pk. 
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260 LEIF JOHANSEN 

where N and K are total labour force and total capital stock in the sectors 
under consideration. 

Considering the growth of N and K as exogenously given, the above 
system will determine the growth of the Xi's. Our problem is to investigate 
to what extent the expansion of the Xi's fails to be proportional to the 
income elasticities of demand, or more correctly, the elasticities of demand 
with respect to total consumption expenditure. 

For the following analysis it is convenient to introduce some matrix and 
vector notations. 

Let xi be the relative growth rate for Xi, i.e., 

I dXi Xi -- X---d 

and similarly for ni, ki, Pi, q, and y. Then x denotes the column vector of 
(X, Xm) and similarly for n, k, and p. For N and K we introduce the 
special notation: 

I dAT I dK 
N dt' K dt 

\V e introduce ei1 and Es for the demand elasticities 

gi Pj - E - bgi Y et -pj gi , Es ga- 

and let e denote the matrix of the ei1's and E the column vector of the El's. 
For short we shall use the term "income elasticities" for the Es's, although 
the correct expression would be "elasticities of demand with respect to 
total consumption expenditure." 

y, f and e represent the column vectors of the yi's, the pi's and the ui's, 
respectively. 

v and x signify the vectors 

(2.7) v ( ) '. 

The symbol i signifies a column vector with m elements, each equal to unity. 
The symbol -" is used to signify a diagonal matrix, i.e., y is the diagonal 
matrix formed by yi, . . ., ym, etc. 

\Vith the notations introduced above we can now derive from the model 
(2.1 7) the following equations involving the relative growth rates of the 
variables: 
(2.8) x yn + dk + 

(2.9) x -ep + Ey, 

(2.10) n P +x, 
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THE EXPANSION OF INDUSTRIES 261 

(2.11) n ~~~~~iq +k, 

(2.12) v' n n, 

(2.13) x'k k. 

Under the assumptions of independent utilities the demand elasticities 
with respect to prices are related to the elasticities with respect to total 
expenditure by 
(2.14) e= Ea' -E + pEE a 

where a is the column vector of the budget percentages 

ai_(= --j< at the base point of time) 

and the positive parameter y is given by 
,~~~~~~~~~~~~~~~ X______ _______________ 

p, flexibility of the marginal utility of money 

This follows from formulas given by Ragnar Frisch.4,5 
The coefficients entering the above model satisfy the following conditions: 

(2.15) y+ -i, 

(2.16) a'E 1, 

(2.17) ei -E, 

(2.18) a'i =1, v'i = 1, 1%'i = 1. 

3. THE EFFECTS OF A DISPROPORTIONATE GROWTH OF TOTAL LABOUR 

FORCE AND TOTAL CAPITAL STOCK 

WVe shall first work out the effects on the sectoral pattern of expansion 
of a disproportionate growth of the total labour force and the total capital 
stock, i.e., of a discrepancy between ni and k. A priori, it seems clear that 
the case k - ni > 0 will favour the growth of sectors with high ,Si's, and 
vice versa. Our intention is to work out formulas which may be used for 
a quantitative appraisal of the importance of this effect. We shall work 
out a first and a second approximation, the first being so simple that it 
still deserves to be labelled a rule-of-thumb, the second being not quite so 
simple. 

In order to avoid repetition in the next section, in which we shall consider 
the effects of non-uniform technical progress, we retain the ci's within the 
formulas up to a certain stage in this section also. 

Cf. R-agnar Frisch L1, Excurs 18, 2, or 3, pp. 94-108]. Added in proof: Cf. also 
Ragnar Frisch's paper in Econometrica, April, 1959. 

5 Although we do not actually need the inverse of e for the calculations presented 
iM1 this paper, it mnay be useful for further explorations. I therefore give it here: 

e-l =-iC - 1/y E-1 l+ I ia' -1. 
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262 LEIF JOHANSEN 

The easiest way of approaching the solution for x seems to be to look 
first for the solution for q and y. Eliminating x and p from (2.8-1 1) we 
obtain for n and k: 
(3.1) n -(I + e)q + Ey -(I + e), 

(3.2) k [(I + e) -i]q + Ey-(I + e)e. 
Inserting this in (2.12--13) we obtain the two following equations in the 
unknown scalars q and y: 

(3.3) v'(I + e),fq + v'Ey -i + v'(I + e)e, 

(3.4) [x'(I + e)f -1]q + x'Ey k + x'(I + e)e. 

This system can be written as 

(3.5) dlq + (1+ d2)y-n + d3, 

(3.6) (-I + d4)q + (1 + d5)y k + d6, 
where the d's are defined by 

(3.7) d1 = v'(I + e):3, d2 =v'E- 1, d3 v'(I + e)e, 

d4- x'(I + e)f, d5 = x'E- 1, d6 x'(I + e)e. 

At this point we introduce the approximations. We also disregard the 
e's, but with the intention of taking them up again in the next section. 

The First Approximation 

In this approximation we assume the d's to be negligible compared to 
unity. Let us justify this by taking a closer look at (3.7). 

Using (2.14) we can write di as 

(3.8) di -- v'f: v'Ea'fl - yv'Tf + [v'EE'a/B. 

We now consider this formula term by term. 
Because of the fact that v'i - 1, v':5 is an average of the pi's. 
The term v'Ea'f? is a product of an average of the Es's and an average of 

the pBs's, the first with vi's and the second with as's as weights. 
The term v'IJT is an average of the elements Ell/, E213, . . ., Emfim. 

Since the E's on the average are equal to 1 (cf. 2.16), we may expect v'Efl 
to be approximately the same as an average of the /h's. 

Finally, the term v'EE'a6/ is the product of an average of the Et's with 
vi's as weights and an average of the /li's with the Eja1's as weights (cf. 2.16). 

Disregarding now the discrepancies between different averages of the 
Es's and between different averages of the /f's, it is seen that the terms in 
(3.8) offset each other. As a first approximation we therefore have di 1 0. 
It follows from similar considerations that we may as an approximation also 
assume d2, d4, and d5 to vanish. 
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THE EXPANSION OF INDUSTRIES 263 

Since we are now disregarding the s's, we are then left with the simple 
system 

y_n, -q+y=k, 
or 
(3.9) y =i, q =- n-k. 

The nature of this approximation can be illustrated by considering 
a one sector model corresponding to (2.1-6). In this case, (2.2) degenerates 
into X = Y/P, yielding y - p + x. By (2.10) we then see that y - ni. 
The result q - - k follows from (2.11). This means that (3.9) is the 
approximate solution we would have obtained for the growth of total con- 
sumption expenditure and the rate of return to capital if we had considered 
a pure macro model instead of the multisector model. 

Seeking now the solution for x, we first insert from (3.1-2) for n and k 
in (2.8), obtaining 
(3.10) x - eflq + Ey. 
Inserting for q and y from (3.9) and using (2.14 15) we obtain 

(3. 1 1 ) lp D1 -l i(ynf + ,Bk) + Y(fl i:) (k-,n), 
where we have introduced y and ,B for the averages of the yi's and the fl,'s 
with the budget percentages as as weights and fi for the average of the /Wi's 
with the acEi's as weights, i.e., 

(3.12) y_=a'y, ,=(1-y)-a':, 
-a'Ey, fl (1I ) a'E,B. 

For the interpretation of (3.11) it is convenient to spell out the formula 
in terms of scalars: 

(3.13) - = + 3k) + ,(fl-f) (k-n). 

This allows a simple interpretation. 
Consider first the term (yni + ?Bk). This is obviously a sort of average 

growth of production. If now either all goods were equally capital intensive 
(all fli equal) or total labour force and total capital stock grew at the same 
rate (k = R), then the production of each sector would expand at a rate 
which would be proportional to the income elasticity of demand for its 
products, i.e., xs/Ei would be the same for all sectors. This case corresponds 
to the most simple rule of thumb mentioned in the introduction. 

If the capital intensity varies among the sectors and if total labour and 
capital grow at different rates, then this simple rule is invalidated by the 
second term in (3.13). From the interpretation of , given in Section 2 we 
know that ,u is positive. It is then evident that the second term in (3.13) 
favours the growth of the capital-intensive sectors (sectors for which 
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264 LEIF JOHANSEN 

pi > b) if total capital stock grows more rapidly than total labour force, 
and vice versa. 

The importance of the second term depends essentially on the parameter 
,u, which means that it depends on the flexibility of the marginal utility of 
money. The smaller is the numerical value of this flexibility, the larger is 
,u, and the more important is the last term in (3.13). The reason why ,u 
plays this crucial role is understood when one considers formula (2.14). 
In fact, a vanishing It would rule out the substitution effect from the con- 
sumer's behaviour, and in our model the impact of the supply side upon 
the direction of the expansion of demand works by changing relative 
prices. 

It is seen that formula (3.13) is quite simple and within reach of numerical 
evaluation. 

The Second A Pproximnation 

In the first approximation we disregarded completely the d's in (3.5-6). 
In working out the second approximation we shall still treat them as 
quantities which are small when compared to unity, but we shall not 
disregard them.We therefore return now to (3.5 6) with the intention of 
working out a closer approximation to the solution than is given by (3.9). 

Solving (3.5--6) for q and y and linearizing the expressions in the d's we 
obtain (disregarding d3 and d6 which relate to the e's) 

(3.14) y - (1 di d2) i+ d1k, 
q = (1 di d2 + d4 + d5)ii (1 di + d4)k. 

For the following derivations it is useful to introduce the covariance 
between the Es's and the fi's or yi's by 

(3.15) iTIEy = E ai(E -1)(yi -), 
and similarly for FIIE,f. By means of (2.15) and the definitions in (3.12) it 
is easily seen that we have 

(3.16) m1E= --y7, Ey/I -= fi, IlEEY + JIE/- 0. 

For the variance in the yi's or /Bi's we introduce 

(3.17) S - L~ai(yi y2 - a"^y - 2 

S =EaiEi(yi -7) 2- a'r^, 'y 2 

where the bars distinguish the weight systems in the same way that they do 
in (3.12). 

WN'e also express v and x in terms of a, y and fi. At the base point of time, 
for which we carry out the differentiation, it follows from (2.3 7) that 

(3.18) v ay-l6, a 
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THE EXPANSION OF INDUSTRIE'S 265 

Using (2.15) we obtain the following relation between v and x: 

(3.19) ?v + gx a. 

Thus equipped and using (2.14), (2.16), and (3.7) we can derive the follow- 
ing expressions for the d's involved in (3.14): 

(3.20) dcl- y{ E)n E8 
-8 + fkS}, d2 Y- 1 mE , 

4 _ E1 { ni S +jS}, ds_ -- - 1m6Ef. 

These expressions are then inserted into (3.14) and the results for y and q 
inserted into (3.10). We then obtain a formula which can be written as 

(3.21) > (3.13) [-43 b'i) (-+ /3k)M E (S i-tS) (k- i7)j 

Let us interpret this solution. We see that we have obtained a correction 
which is effective only if the capital intensities are not equal for all sectors. 
But it is interesting to note that it may operate even if k - n. 

Suppose that JI E, > 0, which means that the income elasticities of de- 
mand for the products of the sectors are positively correlated with the 
capital intensities. In this case the growth of income itself independently 
of whether fi or k is the greater-will tend to redirect demand in the direction 
of capital-intensive goods. This will make capital relatively more scarce 
and therefore cause (relatively) increasing prices for capital intensive goods, 
and thus, through substitution in the consumers' demand, to a certain 
extent counteract the original redirecting effect. It is this sort of "coun- 
teracting" effect which is expressed by the term involving uMiEf 

in (3.21). 
Since iTlE/ can be expressed as the product of the correlation coefficient and 
the standard deviations, the effect increases both with the correlation be- 
tween the Ei's and the pt's and with the standard deviation in each of these 
series. 6 

The term involving (S - ,uS) can work in either direction depending on 
whether ,u is large or small. Let us consider the case for which pt is so large 
that (S -tS) > 0 and also for which k > n-. Then the term under con- 
sideration will affect the capital-intensive sectors negatively. The reason 
for this may be sketched as follows. The fact that k > i will cause capital-in- 
tensive goods to become cheaper compared to labour-intensive goods. 
WVhen there is a strong substitution effect, however, (,u is large) this "first 
effect" (which is included in (3.13)) will be counteracted because it will 
induce "too strong" a redirection of demand in favour of capital-intensive 
goods, thus increasing the relative scarcity of capital and as a "second order 

6 Effects like those introduiced in our model through MEf6 are discussed by Joan 
Robinson un(ler the label "biased consumption," cf. [8, pp. 358-60]. 
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266 LEIF JOHANSEN 

effect" cause some increase again in the prices of capital-intensive goods. 
Since S and S are not likely to deviate very much,7 the critical value of ,u 
for the direction of the effect now considered will be in the vicinity of unity, 
corresponding to a value of the flexibility of the marginal utility of money 
in the vicinity of -1. 

The result that the critical value of 1-t should be in the vicinity of unity 
is intuitively plausible in view of the following observations. We noticed 
in connection with (3.9) that our first approximation for y and q corre- 
sponded to the solution of a pure macromodel in which the demand functions 
would degenerate into X - Y/P. This relationship implies a partial elasticity 
of X with respect to Y equal to unity and a partial elasticity of X with 
respect to P equal to 1. On the other hand, in (2.14) the values 1 and --1 
for Et and eii, respectively, imply Iu = 1. 

Since the first approximation (3.13) was based on values for y and q 
which corresponded to the solution of a pure macromodel, whereas this is 
not the case for the second approximation (3.21), we may say that the new 
terms in (3.21) are corrections for an aggregation bias involved in the first 
approximation. The inexactitude which is still involved in (3.21) is the 
result of the linearization (in the d's) of the solution of (3.5-6). 

4. THE EFFEICTS OF TECHNICAL PROGRESS 

In working out the effects of technical progress we shall proceed in two 
steps as we did in the preceding section. 

The First Approximation 

WVe return to equations (3.5 6) which determine y and q. The coefficients 
ei, which describe the technical progress, enter through d3 and d6. It is seen 
from (3.7) that d3 and d6 are formed in just the same way as di and d4. In 
Section 3 we argued that d1 and d4 could be disregarded as a first approxi- 
mation. For exactly analogous reasons we may now, as a first approximation, 
disregard d3 and d6. We then end up with the solution (3.9) for y and q, 
even if the -i's are not now assumed to be equal to zero. 

Formula (3.10) must, however, be modified as follows: 

(4.1) x eflq + Ey ec. 

Inserting here from (3.9) and using (2.14) we obtain a result which may be 
written in the following way 

Xi 
(4.2) = (3.13) + j+(ct ?), 

T lhey are equal when the Ei's are uncorrelated both w!ith yi and y, (using the 
li'S cas Nweights in computing the covariances). 
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THE EXPANSION OF INDUSTRIES 267 

where E and E are averages of el, Em and are defined analogously with 
(3.12): 

E a'e, E a'Ee. 
\Ve see that we have obtained a correction to (3.13) consisting of two 

terms: first, all sectors are adjusted upwards corresponding to the average 
technical progress; next, they are pushed up or down according to whether 
the technical progress in the sector concerned is greater or smaller than 
the average. This latter effect is greater, the greater is ,u; i.e., it is greater 
the more important is substitution in the consumers' behaviour. 

Vliewing (4.2) from another angle, we can say that technical progress 
in a particular sector affects all sectors through a term (e - ,u) and the 
sector itself through yei. Since in "normal" cases E z 48 we may conclude 
that technical progress in a sector affects the production of other sectors 
(with Es > 0) positively or negatively according to whether the numerical 
value of the flexibility of the marginal utility of money is greater or smaller 
than a critical value which is in the vicinity of unity. With a low degree of 
substitution, factors will be transferred out of the sector which experiences 
the technical progress; with a high degree of substitution the cheapening of 
the goods in that sector causes factor transfers into it. 

The Second Approximation 

In the second approximation we do not neglect the d's in (3.5-6). 
Instead of (3.14), in which we neglected d3 and d6, we now obtain 

(4.3) y =y [(1- d d2)7 + d1k] + d3, 
q [(1- d d2 + d4 + d5)i -(1- di + d4)k] + d3 -d6, 

where the terms inside the square brackets contain the solution (3.14). 
The terms d3 and d6 can be worked out in a similar way as the other d's 

in the preceding section. We introduce 

(4.4) tiai (?Fi E) (pi f) - a'e /jE, 

}}<C EajEj (.- -F) (Ai A) a'E' - &. 

We then obtain 

(dr.5) d3 ' -[M Ei5E (mC,8 Mm) d6 - 173 

Inserting this in (4.3) and using (2.14) and (4. 1) we obtain 

(4.6) E (3.21) + + (E i i) - i3) [rnE 
- 

(mt <8n)]. 

8 Since we have mEe = E analogously with (3.16), E and E are equal when the 
technical progress coefficients are uncorrelated with the income elasticities of deman(l. 
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268 LEIF JOHANSEN 

Here the terms E + ju(E - ) are already discussed in connection with (4. 1). 
The new terms discriminate among sectors according to the capital intensities. 

Of the new terms, the one involving nEflE is quite analogous to the term 
with (gfi + fk)HiEfl in (3.21) and needs no separate comment. 

For the interpretation of the term containing (iThA - ,ui7), consider the 
case for which mn, w infl > 0, which means that technical progress is 
on the average more rapid in capital-intensive than in labour-intensive 
sectors. We then see that the term under consideration operates in the dis- 
favour of the capital-intensive sectors if ,u is large, i.e., if there is a hiigh 
degree of substitution in consumers' behaviour. This is because the relative 
cheapening of the capital-intensive goods (for which technical progress is 
greater than for other goods) causes such a great redirection of demand 
towards these goods that capital becomes relatively more scarce than 
before, and we get a secondary effect counteracting the original cheapening 
of the capital-intensive goods. In the case of a small ,u both effects work in 
the same direction. First, capital-intensive goods become cheaper because 
of reduced costs through increased productivity. Next, capital becomnes 
relatively less scarce because consumers change their demands over to 
capital-intensive goods to a lesser extent than that corresponding to the 
possible increases in the production of these goods by constant factor inputs. 

Again, the critical value of ,u is in the vicinity of unity. 
It may be doubted that the demand structure will remain unchanged 

under a process of technical progress. If technical progress takes the form 
of new or improved products, it may, to some extent, "create its own 
demand," and the benefits from technical progress will be taken in the form 
of increased production in those sectors which experience the technical 
progress to a greater extent than indicated by the above formulas. 

5. NUMERICAL ILLUSTRATIONS 

The purpose of this section is not to obtain results for specified industries, 
but rather to find out whether our formulas introduce excessive refinements 
which for practical purposes could be ignored. It is very difficult to say 
anything about that a priori; empirical evidence, however rough, is there- 
fore desirable. 

A crucial parameter in all the formulas is [u, which is defined as minus the 
inverse of the flexibility of the marginal utility of money. I have elsewhere 
estiniated this flexibility to be approximately -2 for Norway in 1950 
(average for all consumers).9 

The estimation is (lescribed (in Norwegian) in [61, and will be included in [73. In 
[3, pp. 106-107L, Ragnar Frisch has given some comments on the results. The esti- 
mation was based on formula (2.14) applied to independent evidence on iincome 
elasticities of demand and own-price elasticities for a few groups of goods. Added in 
proof: Cf. also Ragnar Frisch's paper in Econometrica, April, 1959, pp. 188-189. 
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This yields 
, p 0.5. 

The sector classification used contains 17 industries, obtained by a few 
aggregations on the basis of the sectors in the Norwegian National Accounts 
[9]. 

Rough estimates of and ,8 are obtained on the basis of figures given in 
[4]. Since the present model assumes vertically integrated industries it 
seems reasonable to identify yi and fli with the wage share and the capital 
share including the indirect contributions of labour and capital through the 
input-output structure.'0 

The budget percentages as and the income elasticities of demand Ei are 
the same as those used in [6] and [7]. The as's are originally based on the 
consumption figures in the National Accounts [9] with some corrections, 
and the Es's are based on estimates in connection with the "Median Model" 
of the Oslo University Institute of Economics." On this basis, the following 
values were obtained for 13 and 9 defined by (3.12): 

f 0.49, ,B-0.48. 

The values of y and y3 are correspondingly 

-0.51, 3 0.52. 

In the postwar expansion period in Norway total labour force grew 
about I per cent per year and total capital stock about 5 per cent per year. 
Assuming this to hold approximately for the totals of the consumption goods 
industries as well, we may put 'f - 0.01 and k = 0.05. With these data we can 
nowv illustrate formnula (3.13). By insertions for , , fi, k, and I we obtain 

(5.1) Et 0.030 + 0.020 (1 -f 

In tlle series of ftp's applied here, the minimal fli occurs for Services; it 
equals 0.20, which yields fli -/ = -0.28. The maximal Bi occurs for 

10 The ta-ble used was (7c.5) in 74'. This table includes also an indirect tax share and 
atn imi)ort slhare. I acldedl, however, the wage and capital shares and considered each 
of thei- as a fraction of the total thus obtained. This is justified if imported inputs 
nIld ildirect taxes are proportional to total output. The capital share includes depre- 
ciation. This is as it should be if depreciation depends only upon the capital stock 
and not upon the amount of labour combined with the capital. Furthermore, I made 
some rough corrections in the shares by imputing wages to employers and own-i- 
account workers in industries where this represents a considerable part of total labour 
input, using Table 39 in the Norwegian National Accounts [9]. Finally I hadC to 
perform some aggregation in ordler to make the sector classification correspond to that 
for which I had the income elasticities of (lemand. 

11 See Hans Heli [5]. 
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Dwellings; this fhi is 0.95, which yields i3fl - 0.47.12 For these two 
sectors we then obtain 

xi - 0.024 Ei for Services, 
xi = 0.039 Ei for Dwellings, 

wlhereas the relationship for an "average industry" (13X f) would be 

xi = 0.030 Es for an "average industry." 

We see that for extreme sectors like those above the term ,(ih t)(k-n) 
introduces considerable correction to the most simple rule of thumb which 
says that industries should expand proportionately to the income elasticities 
of demand for their products. 

Let us then turn to the second approximation given in formula (3.21). 
By formula (3.16) we have 

ITlE,6 =0.48 0.49 0.01, 

which means that income elasticities of demand and capital intensities are 
slightly negatively correlated.13 The term involving 111Ef in (3.21) then 
becoimies 

u 
(5 .2) -i T - IIT + )k) H (E h 3)- 0. 0006 (fli 14 

It favours capital-intensive industries, but it does not correct significantly 
what is already contained in (5.1). 

The variances defined by (3.17) are computed to be 

S 0.031, S --- 0.029. 

The difference is seen to be negligible. The term in (3.21) involving these 
variances becomes 

(5.3) 't(S puS) (k u) (W fi) 0.001 (Il fi). 

Like (5.2) it favours capital-intensive industries, but it is negligible com- 
pared with what is already included in (5. 1). 

In conclusion, therefore, we seem to be justified in the double statement: 
(1) The effect treated in Section 3 above may entail a considerable 

correction to the simple rule that sectors should expand proportionately 
to the income elasticities of demand for their products. 

(2) The effect seems to be taken care of with sufficient accuracy by "the 
first approximation" given in formula (3.13). 

12 In this sector the outpuit is "dwelling services," wliereas the dwelling itself enters 
as capital input. 

13 With one decimal place more, mE/3 is -0.014. 
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By using the values obtained above in formulas (3.20) it is easily seen 
that all the d's are so small that the linearization implied in (3.14) should 
not cause any inaccuracy worth noticing. 

We have not much to say about the formulas for the effects of non- 
uniform technical progress, since suitable measurements are hardly availa- 
ble. We have, however, already quoted an estimate for It, and it is then easy 
to appraise the importance of the terms in (4.2) in hypothetical cases. 
With , 0.5, (4.2) reads 

(5.4) - (3.13) + + 0.5 (e-7) 

Since technical progress may be very different in different sectors, the 
final term here may be of a magnitude worth consideration. 

The additional terms in (4.6) are not likely to be very important. With 
the value of JiE6 obtained above, the term involving E will be negligible. 
Also the term involving (i,6f u,,6) seems incapable of producing con- 
siderable correction, even when the es's are strongly correlated with the f3j's. 

University of Oslo and 
Department of Applied Economics, 

University of Cambridge 
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